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preface 


The Panjab University has adopted, for the Matriculation, 
the following scheme of examination in Geometry, which has 
been recommended by tlie University of Cambridge — ^ 

The paper in Geometry shall contain questions on Practical and on 
Theoretical Geometry. Every candidate shall be expected to answer 
questions in both branches of the subject 

The questions on Practical Gconietrj shall be set on the construc- 
tions contained in the annexed bchedulc A, together mth easy 
extensions of them In cases where the saluhty of a construction is 
not obnous, the reasoning by which it is justified may be required 
E\cry candidate shall provide himself with a ruler graduated in inches 
and tenths of an inch, and in ccntimctrcN and inillimctres, a set square, 
a protractor, compasses, and a hard pencil All figures should be 
drawn accurately. Questions may be set in which the use of the set 
square or of the protractor is forbidden 

The questions on Theoretical Geometry shall consist of theorems 
contained in the annexed Schedule B, together with questions upon 
these theorems, easy deductions from them, and arithmetical illustra- 
tions Any proof of a Proposition shall be accepted which appears to 
the Examiners to form part of a sjstematic treatment of the subject ; the 
order in which the tlicorcms arc stated m Schedule B is npt imposed as 
the sequence of their treatment. 

In the proof of theorems and deductions from them, the use of 
hypothetical constnictions shall be permitted Proofs w Inch arc only 
applicable to commensurable magnitudes shall be accepted 
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SCHEDULE A 

Bisection of angles and of straight lines 
Construction of perpendiculars to straight lines- 
Construction of an angle equal to a given angle 
Construction of parallels to a given straight line 
Simple cases of the construction from sufficient data of tnangles and 
quadrilaterals 

Division of straight lines into a given number of equal parts or into 
parts m any given proportions 

Construction of a triangle equal in area to a given polygon 
Construction of tangents to a circle and of common tangents to two 
ancles 

Simple cases of the construction of circles from sufficient data 
Construction of a fourth proportional to three given str^ht lines 
and' a mean proportional to two giien straight lines 

Construction of regular figures of 3, 4, 6 , or 8 sides m or about a 
given arcle 

Construction of a square equal in area to a given polygon. 


SCHEDULE B 
Anghs at a Point 

If a straight line stands on another straight line, the sum of the 
two angles so formed is equal to two right angles , and the converse 
If two straight hues intersect, the vertically opposite angles are 
equal. 


Parallel Straight Lines 

■When a straight line cuts two other straight lines, if 
(1 ) a pair of alternate angles are equal, 
or (11 ) a pair of corresponding angles are equal, 
or (ill.) a pair of interior angles on the same side of the cutting line 
are together equal to two right angles, 
then the two straight lines are pamllel , and the comene 

Straight lines which are parallel to the same straight hue are 
parallel to one another 



PREFACE 


r 


Tnanglts and Redthnear Figures 

The sum of the angles of a trnnglc is equal to two right aitgies. 

If the sides of a con\cx poljgon are produced in order, the sum of 
the angles so formed is equal to four right angles 

If tno tnanglcs ln\e two sides of the one equal to two sides of the 
other, each to each, and al*.o the angles contained hj those sides equal, 
tin, triangles arc congruent 

If two triangles base two angles of the one equal to two angles of 
the other, each to cadi, and also one side of the one equal to the 
corresponding side of the other, the tnanglcs arc congruent 

If two sides of a triangle arc equal, the angles opposite to these sides 
arc equal; and the conscrsc. 

If two triangles base the three sides of the one equal to the three 
sides of the other, each to each, the triangles are congruent 

If two nght angled triangles have their hypotenuses equal, and one 
side of the one equal to one side of tlic other, the triangles an. 
congnient 

If two sides of a tnangle arc unequal, the greater side has the 
greater angle opposite to it j and the comerse 

Of all the straight Imcs that can he drawn to a giscn straight line 
from a given point outside it, the perpendicular is the shortest 

The opposite sides and angles of a parallelogram arc equal, each 
-diagonal bisects the parallelogram, and the diagonals bisect one another 
If there are three or more parallel straight lines, and the intercepts 
made by them on any straight line that cuts them are equal, then the 
corresponding intercepts on any other straight line that cuts them are 
also equal 

Areas 

Paralltlograms on the same or equal bases and of the same altitude 
are equal in area 

Triangles on the same or equal bases and of the same altitude arc 
equal in area 

Equal tnanglcs on the same or equal bases arc of the same altitude 
Illustrations and explanations of the geometrical theorems corre- 
sponding to the following algebraical identities — 

(fl-P + 2ai -I- Ir, 

' (a— i)®=ra® — 
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The square on a side of a triangle is greater than, equal to, or less 
«ii«n the sum of the squares on the other two sides, according as the 
angle contained by those sides is obtuse, nght, or acute. The difference 
in the cases of inequality is twice the rectangle contained by one of the 
two sides and the projection on it of the other, 

Lon 

The locus of a point which is equidistant from two fixed points is 
the perpendicular bisector of the straight line joining the twol fixed 
points 

The locus of a point which is equidistant from two intersectmg 
straight lines consists of the pair of struct hnes which bisect the 
angles between the two given hnes 

Tke Circle 

A straight line, drawn from the centre of a circle to bisect a chord 
which IS not a diameter, is at right angles to the chord , conversely, 
the perpendicular to a chord from the centre bisects the chord 

There is one circle, and one only, which jiasses through three given 
pomts not 111 a straight line 

In equal circles for, in the same circle) (i ) if two arcs subtend equal 
angles at the centres, they are equal , (u ) conversely, if two arcs are 
equal, they subtend equal angles at the centres 

In equal circles (or, in the same circle) (i ) if two chords are equal, 
they cut off equal arcs , (ii ) conversely, if two arcs are equal, the chords 
of the arcs are equal 

Equal chords of a circle arc equidistant from the centre , and the 
converse 

The tangent at any point of a circle and the radius through the point 
are perpendicular to one another 

If two circles touch, the point of contact lies on the straight hne 
through the centres 

The angle which an arc of a circle subtends at the centre is double 
that which it subtends at any point on the remaining part of the circum- 
ference 

Angles in the same s^pnent of a circle are equal , and, if the line 
joining two points subtends equal angles at two other points on the 
same side of it, the four points lie on a circle 

The angle in a semicircle is a right angle, the angle in a segmenc 
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greater than a semicircle is less than a right angle ; and the angle in 
a segment less than a semiarcle is greater than a nght angle. 

The opposite angles of any quadniatcral inscribed in a circle are 
supplementary , and the com erse 

If a straight line touch a circle, and from the point of contact a 
chord be drawn, the angles which this chord makes wath the tangent 
are equal to the angles in the alternate segments. 

If two chords of a circle intersect either inside or outside the circle, 
the rectangle contained by the parts of the one is equal to the rectangle 
contained by the parts of the other. 

Preportion Similar Tnanglu 

If a sxialght line is drawn parallel to one side of a triangle, the 
other two sides are divided proportionally ; and the converse 

If two triangles arc equiangular their corresponding sides arc propor- 
tional ; and the com erse 

If two triangles have one angle of the one equal to one angle of the 
other and the sides about these equal angles proportional, the tnanglcs 
arc similar 

The intcmnl bisector of an angle of a triangle divides the opposite 
side internally m the ratio of the sides containing the angle, and like- 
wise the external bisector externally 

The ratio of the areas of similar triangles is equal t^ the ratio of the 
squares on corresponding sides 

This little book contains demonstrations of all the 
Theorems and Constructions enunciated in the above 
scheme, together with, numerical illustrations and easy 
deductions 

Besides the propositions given in the scheme, there are 
many others which the student will require in his mathe- 
matical studies , the simplest and most important of these 
have been printed in italics in the exercises, or the mis- 
cellaneous propositions in Book III. 

This subject is intended to be studied after the student 
has gone through a preparatory course in Experimental 
Geometry, and it is taken for granted that he is already 
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familiar with the terms employed and has considerable 
practice in Geometrical Drawing In this connection it 
IS well to remember that in the new regulations for the 
Matriculation examination Drawing and Mensuration are 
regarded as essential parts of Geometrical work. 

In all examinations In Geometry the use of symbols 
and abbreviations is allowed, not only with the object of 
saving time in wnting, but especially for the purpose of 
presenting the vanous parts of an argument in a concise 
and clear form. 

In this book we shall use the following contractions . — 


z 

for angh 


for since, or because 

Zs 

„ anglts 

= 

it 

IS equal to 

line 

„ straight line. 

> 

it 

ts greater than 

St 

„ straight 

< 

it 

is less than 

Pt 

„ point 

alt 

it 

alternate 

sq 

„ square 

coiresp 

tt 

corresponding 

o 

„ ctrck __ 

hyp 

it 

hypothesis 

A 

„ in angle 

const 

it 

constniction 

J. 

,, perpendicular, or is per- 

adj 

it 

adjacent 

»t z 

pendicular to 

rect 

a 

rectangle 

„ nght angle 

def 

it 

definition 

t 

„ IS parallel to 

ax 

it 

axiom 

1“ 

„ parallelogram 
„ therefore 

perp 

a 

perpendicular 


In the answers at the end of the book I have ventured 
to give brief hints for the solution of the more difBcult 
exercises, by which means I hope many students will be 
induced to solve these for themselves who would otherwise 
give them up after making very feeble efforts 

GOLAK NATH CHATTERJEE 

UlHORE,yft/;» igo6 
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INSTRUMENTS 


A sTR\iGHT-EDGE graduated m inches and tenths, and tn 
centimetres and mtllimetres 
Pencil compasses 
Set-squares of 45® and 60®. 

Protractor 

Scissors 

The above instruments should be in the hands of each 
student, and the teacher should keep m the scliool models 
of the various solid figures and their sections mentioned 
in the introductoiy chapter 

Special and complete sets of mathematical instruments 
for use with this book can be obtained from the publishers, 
Messrs Rai Sahib M Gulab Singh & Sons, at exceptional 1 > 
low prices to students and all educational bodies 
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BOOK I 


INTRODUCTION 

Demonstrative Geometry is the science which treats 
of the shape, size, and position of figures by pure 
reasoning on definitions, axioms, and established geomtin- 
cal facts 

The definitions, «hich state the exact meaning of 
geometrical terms, arc guen m an alphabetical list at the 
end of the book, which should be consulted bj the student 
whenever he comes across a new term 

The axioms arc sclf*cvident truths, such as — 

T/nr:gs which are equal to the same fhtu^ ate equal to one 
another. 

Jf equals be added to equals fht sums ate tqual. 

Doubles of the same things or of tqual things, are equal. 
The whole is gtia ter than a fait 

A geometrical subject proposed for discussion is called 

a proposition 

There are tw o kinds of propositions . — 

(i ) Theorems — m which geometrical facts arc staled, 
and (ii) Problems — in which geometrical constructions 
arc required to be made. 

A theorem consists of two parts : — 

(i ) The hypothesis, or that which is assumed as true; 

H 
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and (ii ) the conclusion, or that t\hich >s asserted to follow 
from the hj’pothcsts 

Two theorems are said to be converse, each of the 
other, when the hypothesis of each is the conclusion of 
the other. 

A corollary is a proposition the truth of which follows 
immediately from a proved proposition 
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Proposition i — ^Thkorem 

If a straight line stands on anothet stiaight hne^ the sum 
of the two angles so fornitd ts equal to t 7 uo right angles. 

T-.et the line AB stand on the line CZ?, so as to make 
isith CD the Z.S ABC, ABD on the same side of CD , 
then 

jLDBA + AJLBC = 2 rt /Is 



Let BL be d^a^\n JL.CD Then 

AABC^ A.LBC + d.ABL, 
and . A.DBA=A.DBL-AABL', 

' • A^BC + ALDBA = A.LBC + AJIBL 

= 2 rt /.s. [Const 

Id^OR I — If two straight lines ait one another, the four 
angles so formed are together equal to four right angles 

Cor. 2 — If any number of straight lines meet at a point, 
the sum of all the angles between sudcessive lines is equal Ur 
four right angles 
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EXERCISES 

1. If a stxoi^t kne stands on another straight line, the angles so 
formed are supplementary 

>/2 Tre hsec'ors of ayarent suffler'eKiaty crgies ere cf ngrt angles 
to one at ether 

5 Whit angle is equal to its supplement ’ 

4 . Find the number of d^ee> in an angle which is one-third of its 
supplement. 

6 Draw AB 3' long, and through its middle point O draw OC 1 5" 
lorg, and making the angle BOC of 43' ; measure the angle AOl 

6 In the figure of the las* cxerci-e draw OB, OQ, the bisectors of 
the angles BOC, AOC respectncK measure the angle POQ. 

7 Two lines cat one another • if one of the angles so formed is a 
right angle, all the others are r^ht angles also. 

pROPOsmov 2 — Theorem 

If ike sun of iu o adjacent angles is equal to two rtgkf 
angles, the external arms of the angles are in the sane 
straight lute 

Let ABC, ABB be two adjacent angles such that 
ABBA -AABC= = it. As, 
then CB, BB are in the same straight line 


A 



If CB and BB are not in the same straight line, pro- 
duce CB to E 

Then * CBE is a straight line and AB stands on it 
ACBA - AABC = 2 rt As, \Prop 1 
ABBA - A. 4 BC= 2 it. As } \IIjp 


and 
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. . AEBA + A,AJiC= A.DBA + Z^BC\ 

. /LEBA = A.DBA, 

nnd this is impossible unless BE coincide with BD. 
Hence BD and CB musi be tn the same straight line. 

Proposition 3 — ^'Pheorem 

Jf nvo straight lines intei Kect^ the vertically opposite angles 
are equal. 

Let the lines AB and CD cut one another at the point 
0\ then 

/LDOA^iLCOB and d.AOC=^A.BOD 



. . A.DOA + A.AOC= 2 rl. A.s. [Prop i 
And CO stands on A OB, 

• A.AOC •‘f A.COB z ft. Aa. [Prop i 
Hence ADO A +AAOC=AAOC + ACOB , 

• ADOA = ACOB 
Similarly, AAOC=ABOD 

EXERCISES 

1 Tlirough a point O four straight lines, OA, OB, OC, OB,' sue 
drawn in order, such that 

ZBOC=APOA, and /_AOBzz /j:OD\ 
prove that A OC, BOD arc straight lines 
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The bisectors of vertically opposite an^es are in the same straight 

line 

3 Draw t\4o lines, intersecting one mother at m mgtc of 45* , drarr 
the bisectors of the four angles so formed 

4 Draw anj tnangle BA C, and bisect the angle A , also bisect the 
external angle formed by producing , these two bisectors arc called 
the internal and external bisectors of the angle A 

Prose that the internal and external bisectors of any angle of a 
triangle are at nght angles 

5 Through any point O draiv a line AOB , on opposite sides of AB 
make the angles BOC, BOD of 60* and 120* rcspectiiel} Show that 
the non coincident arms of these angles are m tlic same straight line. 



}‘\RaLLEL siUAir^iiT i.Txr^ 


\Vf*~v n ir.r .Vj' r**, t* o c»a' r 




lur .'.u r.. s 




j: v.ri Vx^*n < 


n*< ’’c:' v,h rirc 


X 



Tic n It r, /, -j, t fttf'"'' J. • *I y •'ft cillcd 

exterior 

lii '' i. ,% r* ;• fvV /, ?n<i .t/ nTt nlJcd 

iatenor 

\ : ilr ofrn:* nor 1« on oppo sit srd» . XV, «ttf h 
c) and //?, /}, a-f < njkd alternate 
.\ pur of s'Vc^ on tht '^-mv ‘inV of one iVt^’nor 
and the o'hcr esitr;or, arc rallt d correspoiidiniJ angles. 
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In the figure there are four pairs of corresponding angles, 
VIZ (a, a), {b, P), (c, y), and (d, S) 

In the treatment of parallel straight lines \ie shall make 
use of — 

Playfair’s axiom — Two intersecting straight lines 
cannot both be parallel to the same straight line 

The sfudent will find little difficulty in admitting this 
statement if he takes into consideration the fact that paiallcl 
straight lines have the same direction, while intersecting 
lines have different directions 

PrOPOSIIION' 4 •' I HtOKfcM 

When a straight line cuts two other straight lineSf tf 
(i ) a pair of alternate angles aie equal, 
or (ii ) a pail of con espondmg angles ate equal, 
or (ill ) a pair of inferior angles on ihe same side of the cutting 
line aie togetlm equal to two right angles, 
then the two straight lines are patalkl 

I^t the line LM cut the lines AB, CD in P and Q j 
then 

(i ) If the alternate angles a, ^ are equal, AB U CD 



Let Fig 2 be an exact reproduction of Fig i. 



rAKAiLCt, ST R A tan I 1 mcs 
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?hrc the «:ccf>jul figure on the first in such a manner 
that the Zjk /J, « of the ‘■croml fit on the angles «, jlS 
respcctneh of the firM 

Then 'UKc the angles arecqutl their arms mil roincitle, 
so tint J)C \m 11 He on .lit ami JL-l on CD, 

Tn the doubled figure, if AD, CD meet, when produced, 
towards the right, thej will .iKo meet, when produced, 
towards the left ; but this is impossible j 

•. .iJt, CD do not mce’t when produced 
Hence A1}\\CD, 

(li ) If the corresponding angles «, ft arc equal, AB {| CD 



The -da = vertically opposite [Dro/ 3 

• A-fi ~ alieniate Z-a' j 

AJB II CD [Prop 4, (1 ). 
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» (ill ) If the interior Z.s /?, y on the same side of LM 
are together equal to tw o right angles, AB 1| CD, 

QP meets AB, 

z.y H z.a = 2 Tt /L&, {Prof X. 

and /ly + = 2 rt As, 

A-^ + A<x — Ay Afi , 

Za' = Z./3 

But these are alternate Zs , 

AB\\CD [Pro^ 4,(i.) 

PrOPOSH ion S M 

If a straight line nit two farallet straight lints, it makes 
( 1 ) alternate angles equal, 

(n ) corresponding angles equal, 
and (ill ) two inietior angles on the same side of ilu. cutting 
line supplementary 

Let the line LM cut the parallel lines AB, CD m B> 
and Q, then 

(1) A.APQ^ADQP, 
ly.) ALPB^APQD, 
and (in.) ABPQ + ADQP= 2 rt Zs 


Z 



(l) If AAPQ be' not equal to ADQP, 

- ' let ARPQ 'be equal to ADQP, 



PARALLEL S2RA/GHT LINES 


II 


Tliese are alternate angles , - , ' 

.\RP\CD, iProp 

two intersecting lines AP, ^jPare each j| CZ?, wliich 
IS impossible , [Playfatr^s Axiom 

A.APQ = A.DQP 

(ii) It has been proved that A.APQ = AJDQP, but 
Z^PQ = the vertically opposite ILLPB , 

. Z.LPB=^Z.DQP 
(in ) Since BP meets Zyl/, 

/LBPQ + /LLPB = 2 rt Zs. \Prop. i. 
But /LLPB has been proved equal to the ZJDQP , 
Z.BPQ + Z.DQP=- 2 rt 


Proposition 6 — ^Thforrm 

Straight lines ivhtch are parallel to the same straight line 
art parallel to one another 

Let the two lines AB, CD each be parallel to RF^ then 
AB |j CD. 

% 



For if AB and CD are not parallel, they will intersect if 
produced m some point O , and then the two intersecting 
lines OBA^ ODC would be parallel to the same line EF, 
which IS impossible ; \PlayfatPs Axiom. 


AB 11 CD 
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EXERCISES 

1 Deduce this Theorem from Propositions 4 and 5 

2 Show that two straight lines at nght angles to the same straight 
line are parallel 

3 A straight line perpendicular to one of two parallel straight line<r 
IS also perpendicular to the other 

4 If through an} point parallels he drawai to two given intersecting 
lines, the acute angle between the parallels is equal to the acute angle 
between the gntn lines 

6 When a straight line interscets two parallel straight lines, the four 
acute angles so formed arc equal, and also the four obtuse angles 

Txvo angles whtek have thetr arms parallel are equal or supple- 
metUaiy 


TRIANGLES AND RECTILINEAR FIGURES 

Proposition 7 — ^Theorem 

The sum of the ang/es of a triangte ts equal to two nght 
angles 

Let ABC be any A, then 


AA^A.B-^A.C=3 n As. 

A 



Produce BC to T>, and drain CX || BA ; 

V CX\\ BA, 

/LA = alt /.A CX, 5 

and Aj5 = corresp /LXCD , ^Bfop 5 

. A.A^/.B = A.ACD , 

A.AtA.B^ A.C=-/LACD + ABCA 

= 2 rt As {Bf'op I 

'"^OR — If one side of a triangle is produced, the exterior 
angle is equal to the sum of the Uvo interior opposite angles. 
{A.ACD=^/LA A.B.) 

*3 
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Hence ihe exienor angle ts greater than either of the hvo 
interior opposite angles. 


EXERCISES 


1 IIow man> »l<^rees nrc there in all the angles of a triangle ? 

2 A triangle cannot ha^c more than one right angle, or more than 
one obtuse angle, but it maj hate three acute angles. 

3 .V right angled triangle has an angle of 6o" Determine the other 
angles, 

4 The exterior angle formed bj producing one of the sides of a 
right angled triangle is of 126* I ind all the angles. 

5 The angles at the liase of a triangle are equal, and the extenor 
angle at the aertex is of 120* Show that alt the angles of the triangle 
arc equal 

6 Two angles of a right angled triangle are equal , how many 
degrees arc there in each ? 

7 If one angle of a trsangk is equal to the sum of the other two, the 
triangle is right angled 

8 Tluough the aertex of anj triangle draw a straight line jiaiallcl 
to the base, and by considering the angles at the acitex proie that 
the sum of the angles of the triangle is equal to two nght angles. 

9 One of the acute angles of a right angled triangle is double of 
the other , how many degrees does it contain? 

10 Two triangles liaic two angles of the one equal to two angles of 
the other, each to each , show that their remaining angles arc also tquab 

U The angles of a triangle are in the ratios 357. Express the 
angles in dt^ccs 

12 Show that Prop i is a particular case of Prop 7 
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Proposition 8 — ^Theorem 

If the sides of a eomex polygon are produced in oraer, 
the sum of the angles so formed ts equal to four right angles 
Dep — -A convex poij’gon is one which has no angle 
greater than two nght angles. 

Let the sides of the conaex poljgon ABODE be pro- 
duced in order, and form the exterior angles a, y, B, t} 


then 


A.a + Afi + Ay + AB + A€ = 4 Tt As. 



Tfi/AjVGLj&'S AND JtECTJLINEAR FIGURES 


*5 


Through any point O draw Oh^ Oc, Od, Oc, Oa parallel 
to and m the same sense as AB, BC, CD, DE, and EA 
respectively 



a. 


* • Ob, Oe are || AB, BC, and dra\\n m the same^senst^ 
AjO, sa Am, ^ 

Similarly, A.{i=A.p^, ^ 

A-y — A,y , « v- 

J18 = Z.8', 

and Ac-A.A, 

Am + Afi + Ay + AS + Ac — Aa AfS + A^y' + A^ + A-A, 
But AA + Afi' -{ Ay' 1- A^ + Ac = 4 rL ZLs , 

\Piop I, Cor, s. 

Aa + Afi + Ay + ZS + Zc=4 rt Zs 
'^Coit . — The sttm of all the vilcrior angles of a convex 
pofygo/t of n sides is 211 — 4 ^ angles For at each angular 
point there is an interior and an exterior angle whose sum 
is 2 rt. Zs {Pi op. i)j hence the sum of all the interior 
nnd exterior angles is 211 rt Zs 

But the sum of the exterior angles is 4. rt As: there- 
fore the sum of the interior angles is zn - 4 rt. Zs. 
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EXERCISES 

^ t 

1 All the angles of a regular polygon are equal , if it has « sides- 

find the number of degrees m each angle • 

2 How many degrees are there in an angle of a regular pentagon ? 

3 Determine the angles of a regular hexagon, octagon, decagon, 
and dodecagon 

4 The exterior angle of a regular polygon is 6o* How many sides- 

has it ? ^ 

5 The exterior angle of a regular polygon is 45" Determine the 
number of sides 

6 A polygon has each of its angles of 144* , find the nut tl>®r of sides. 

7 Each angle of a polygon is of 150* , how many sides has it ? 

8 Each of the angles of a polygon is right angles Find th: 
number of sides 

9 In a convex quadrdateral the sum of the intenor angles is equal 
to the sum of the exterior angles 

10 In a convex hexi^on the sum of the interior angles is equal to 
twice the sum of the exterior angles 

11 Can you draw regular polygons having angles (i) 130“, (2) 140*, 
(3) I7S* respectively? Determine the number of sides of the polygon 
if it can be drawn 

Proposition 9 — ^Theorem 

Jf two tnangles have two sides of the one equal to two 
sides of the other, each to each, and also the angles contained 
by those sides equal, the triangles are congruent 
Let ABC, DEF be two As such that 
AB = DE, AC=I>F, 
and A.BAC=/LEDF, 

then the two As are congruent 


A D 



Place the t^DEF on the C^ABC, so that EE lies 
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on Its equal AJ5, the point D falling on A and the point 
E falling on B 

Then A.D = ^A, 

BEwiW lie in the direction AC; 
ami . DF—AC, 

falls on C, 

. coincides with ZlABC, 

hence the two As are congruent. 


EXERCISES 

1. With sides 5 cm and S cm , ind included angle of 54", draw 
t«o triangles and letter them as in the figure of this proposition, 
plaang the letters inside the triangles Cut them out, and go through 
the process of superposition desenbed above. 

2 In the two quadrilaterals AfiCD, A’NCjy, the sides AB, BC, 
CD are equal to the sides A' IT, NC, CH respectuelj, and the angles 
^ JB, D arc equal to the angles at N, D respectnelj , pro\e b} the 
method of superposition that the quadnlatcrals arc congruent. 

3 Draw two lines 6 and S inches long, bisecting one another an<I 
containing an angle of 60“; pro\c that the straight lines joining the 
extremities of these lines form a parallelogram 

4. If the straight lines ACj BD bisect one another at right angles, 
the figure ABCD is a rhombus 

6 From two Imes AX, A Y inclined at anj angle, cut off AB=AC 
and AD=^AE; join BE and CD Pro\c that the tnangles ABE, 
A CD are equaL 

6 ABC is an isosceles triangle, D and E rcspcctn clj arc the middle 
points of the equal sides AB, AC; pro\e that the triangles ABE,ACB 
are congruent 

7. From the extremities of the liase of a square, two lines are 
drawn to the middle point of the opposite side , show that thej cut off 
equal tnangles from the square. • 

8 On the sides of the tnanglc ABC equilateral tnanglfls A'BC, 
A^C, ABC are described cxternallj , prove that AA’=BB'~CC. 

Y 9 Trg dtttff>nah ef a rectangle are equal 

10 A rectangle is divided into four equal parts by its diagonals. 

C 



18 


DEMONSTRA T 1 VE GEOMETR Y 


Proposition io — Theorem 

If two triangles have two angles of the one equal to two 
angles of the other., each to each, and also one side of the one 
equal to the corresponding side of the other, the triangles are 
congruent 

Let ABCs DEF be two As, such that 

UB^d-E d.C^d-F, and BC=EF, 
then the As are congruent 


A D 



Place ts.DEFcsn. AABC, so that EF lies on its equal 
BC, E falling on B and /^falling on C, then 

AE-d-B, ED will take the direction BA , 
and d.F— d.C, FD will take the direction CA 

Hence ED and FD will meet where BA and CA 
meet j 

D will fall on A , 

ADEFmW coincide with AABC, 

the two As are congruent < 

EXERCISES 

1 With base 3", and angles at the base of 30° and 60°, draw two 
triangles, cut them out and go through the process of superposition 
descnbed above 

2. Op a base BC s S' long describe a triangle ABC having each 
angle at the base of 75" , draw^^, bisecting the angles at the base 
and meeting the opposite sides m E and E Prove that the triangles 
BEC, BFC are con^uent 

3 In the triangles ABC, DEF the bases BC and EF are equal. 
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and tlic ingles A, D ire cquil to the angles D E respectively , prove 
tint the trnnglcs are congruent » 

4 . The lijpotenuse ind icule ingle of a right-angled triangle are 
cquil resiwclit tlv to the hypotenuse ind icutc ingle of another right- 
angled triingle , prose tint the trnnglts ire cquil m esery respect 

5 Lvcrj point on the bisector of the ingk contained by two lines 
IS cqiiid'stant from the lines 

G Dnw 1 pirallelognin ssith sides 3' ind 4 S", and one ingle of 
75y , driw the dngonils and jirove tint tin opjiosite sides are equal 

7 P/<re thrt the atagonalt ef a parahclo^ttt.n t ivfl one anothei 

8 A dngoml of a quidrilitcnl Insects the ingles through svhich it 
pisses, prose that the qindriliteral is i kite 

Proposiuon’ 1 1 — 1 iiroRnM 

Jf two suits of a inanglt arc equal, the angles opposite to 
these Sides are equal 

In the i\ABC\^\. AC^AB, then A.B~A.C 



Let AD be the bisertor of the A.A 
In the As ABD, A CD, 

r AB = AC, \Hyp, 

4 AD^AD, 

itncluded A.BAD = included /LOAD , [Const 

As ABD, A CD are congruent [Prop. 9 

A.B = A.C. 


Hence 
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EXERCISES 

1 Verify the proof by folding an laoceles tn^ngle ABC about AD 

2 The bisectonof the vertical angle of an isosceles triangle bisects the 
base at i igl t angles 

'^Z If the equal sides of an isosceles triangle be fioducedt the angles on 
the other side of the base luillbe equal to each other 
-'i. An equilateral triangle is also equiangular 
6 The aeilical angle of an isoisceles triangle is of 30", determine 
the angles at the base 

6 The eaterior angle at the \ertc\ of an isosceles triangle is of 144° , 
calculate all the angles of the triangk 

7 The straight line bisecting Vie extenoi angh. at the vertex of an 
isosceles triangle is pat allel to the base 

8 Ho\s nianj degrees are there m one of the angles of an equilateral 
triangle ? 

V 9 Trisect aught angle , 

10 If two isosceles triangles ha\e their \ crtical angles equal, their 
base angles will also be equal 

11 Determine the angles of a right isosceles triangle • 

12 AB IS the diameter of a semicircle, and P is any point on the 
circumference , prove that the angle APB is a right angle 

13 Join the extremities of any tuo diameters of a circle, and prove 
that the figure so formed is a rectangle 


Proposition i 2 — Thi orem 

If two angles of a triangle ate equals the sides opposite to 
these angles are equal 

In the tnangle ABC let 
I-B = A.C, then 

AC=AB 

Let AZ> be the bisector of the 
angle BA C * 

In the As ABZ>, A CD, 
r A.B = A.C, \Hyp 
\l-BAD = A.CAD, [Const 
AB> = AD, 



I 
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« 

.* As ABD^ ACD are congruent \Prop. lo 
Hence AB = AC 

Cor. — An equiangular irtan^k is also equilateral. 


EXERCISES 

1 If OBt OC, the bisectors of the angles B, C of the triangle ABC, 
be equal to one anotl er, the triangle is isosceles 

2- If the bisector of the e\lenor ^e^tlcal angle of a tnangle be 
parallel to the base, the triangle is isosceles 

3 Two sides of a tr.angle are produced, and the exterior angles so 
formed are equal , pro\e that the tmngle is isosceles. 

4. Through any point on the bisector of an angle a straight line is 
.drawn parallel to one of the containing sides , proie that the tnangle 
so formed is isosceles 

6 The bisectors of the Jiase angles of an isosceles triangle form with 
the base another isosceles tnangle 

6. The bisectors of the base angles of an equilateral tnangle meet 
in O Through O parallels are drawn to the sides; prove that these 
parallels trisect the base 

Proposition 13 — ^Theorem ' 

If two triangles have the three sides of the one equal to 
the three sides of the other^ each to each, the triangles are 
congruent. 

Let ABC, DEF be two As in which AB — DE, BC 
= EF, CA — FD j then 

As ABC, DEF congruent 

Of the sides of £\ABC, let BC be not less than either 
of the other two. 

EF= BC, hi.DEF can be placed in the position 
LBC, so that EF and BC coincide,* .E falling 'on B and 
.Eon C, and L is the position of D. 

]om‘AZ, meeting BC in O. 



S2 DEMONSTRATIVE GEOMETRY 

BA = ED = BL , /-BA0 = ILBL0 \Pwp ii. 

Also 

CA = ED=CL, iLCAO = A.CLO ,\p70p \x. 
AJiAC = ABLC 
Hence AJ3AC=AJEDF 


A 



L 


D 



In As ABC, DEF, 

(AB = DE, 

\ac=df, 

\axi^A.BAC^AEDF, 

As ABC, BEFare congruent [Frcp 9 


EXERCISES 

1 On the same base two equilateral triangles are described , prove 
that the line joining their \ crtices bisects the base 

2 Show that either diagonal of a rhombus divides it into two 
congruent triangles , and that the dii^onals bisect one another at right 
angles 

3 On the base AB X-WO unequal isosceles triangles, A CB, ADB, are 
constructed , prove that CD (produced if necessary) bisects AB at 
right angles 

i In the isosceles triangle ABC the equal angles arc bisected by 
the lines BO, CO , prove that AO bisects the vertical angle 
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5, Equili'eral trnngles on eqHal bases are congruent 
^6 Tt'* 1 1 e, VMiict' joins ifu -triex cf an isosceles tnangU 

to tit mtadle foir! cf i?t base, ts a! n^bt angles to the base and inseets 
tre ver*tea! angle 

Propositiox x4. — ^Thlorem 

If two nght-an^hd tnangles hare their hypoiemtses egital, 
aud ore stdc of the one equal io one side of ihe other, flue 
iriargles are consp-ueri 

Let ABC, DBF be ttro As rigln-angled at B and E, 
and ha\ mg 

AC =DF and AB = DE, 
then As ABC, DBF arc congruent 

' DE = AB, the triangle DBF can be placed m the 

A 


B 

position ABL so th-’t DE coincides with its equal AB 
and /'falls at the point L on the side of AB opposite to C, 
the adj?cent angles ABC, ABL are n As. 


. BBC is a St line. 

\Prop 2. 

In AALC, AC^DFs^AL: 


• BACB^BALB. 

\Prop II. 

Hence in As ABC, ABL, 


fBABC==BABL, 

IBrf. 

\'\bacb=balb, 

[Proved 

[ AB = AB; 


As ABC ABL are congruent , 

[Prop, 10. 


As ABC, DEFaxo^ congruent 
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EXERCISES 

Two nght angled triangles are equal when thgi have the hypetenus* 
and an acute angle equal 

2 Two right-angled inangles are equal when they have a side and 
an acute angle equal 

3 The perpendicular, from the vertex of an isosceles tnangle on the 
base, bisects the base. 

i. The perpendicular, from the centre of a circle on any chord, 
bisects the chord 

6 If the perpendiculars, from the base angles of a triangle on the 
opposite sides, are equal, the triangle is isosceles. 

6 If the three perpendiculars, from the angular points of a triangle 
on the opposite sides, are equal, the triangle is equilateral 

7 A point R lies within the angle A OR, and the perpendiculars 
from R on OA, OB are equal , prove that OR bisects the angle A OB, 


Proposition is — Theorem 

If two sides of a triangle are unequal, the greater side has 
the greater angle opposite to it 

Let ABC be a A in which AB>AC, then 
A.C>AJ3 


A 



Prom AB cut off AD = AC "jam^CD. 
In tsACD, AC=AD, 

.* /LACD = AADC 


\Prop II, 
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• 

But *.• the side BD of the triangle BDC is produced 

*to 

, . exterior >■ interior opposite \Prc^. 7, Cor, 

.. L.ACD>jLB\ 

A.C>ILB. 


EXERCISES 

1 In the figure of this proposition describe a circle \i’ith centre A 
and radius equal to the lesser side AC, cutting CB in R, join AR. 
Then noticing that 

AARC>^B, IFfoP 7 , Cor 

prove the proposition 

2 Prove this proposition by producing the lesser side and cutting it 
off equal to the greater 


Proposition 16 — Theorem 

If two angles of a triangle are unequal, the greater angle 
Juts the greater side opposite to tt 

In A^^Clet AJ 5 >A.C, then AC>AB. 


A 



With respect to magnitude either (1.) AC>AB, 

or {n) AC— AB, 
or (m.) AC<AB. 
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If A[C<AB, then 

\Prop 15 

which IS contrary to hypothesis 
Again, if AC = AB, then 

Z.^ = Z.C; {Prop II 

which also is> contrary to hypothesis 

AC>AB 


EXERCISES 

Two sides of a triangle are iogelhei greater than ike tint a 

In the figure of this proposition, the straight path from B lo C must 
be shorter than the crooked path BA+AC 

2 Prove that the circumference of a circle is greater than twice the 
diameter 

3 From a given point to a gi\en line three equal lines could not be 
'drawn 

4 The difference between two sides of a tnangle is less than the 
third 

5 If O be a point within the triangle ABC, then 
0^ + 05+ OC>l{BC^- CA+AB) 

6 If be a point within the tnangle ABC, then 
AB "i" AC^ OB OC , 

and AB'^'BC'i' CA^OA‘\' OB^OC, 




Proposition 1 7 — Theorem 

Of all the straight lines that can be drawn to a given 
straight line from a 0 ven point outside »/, the perpendicular 
IS the shortest 

Let AB be the given line, and O a point outside it , 
OL is drawn perpendicular to AB, and OP is any other 
line through O meeting AB in P, then 

OL<OP 
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In AOZ/' 

* PL is produced to 

. . extenor /LOLA > intenor opposite A.OPL , 

\ProJ> 7, Cor. 

but /LOLA^/LOLP , [Def 

. /LOLP>iLOPL, 

OL<OP [Pro/. 1 6 

Note. — ^The distance between a point and a straight 
hne IS the shortest line that can be drawn from the point 
to the line Hence the perpendicular, from a given point 
on a given line, is called the distance of the point from | 
the line 

EXERCISES 

1 In the figure of this proposiUon prove that — 

(i ) Oblique lines which make equal angles with the perpendicular 
^ are equal 

(h) 1^0 oblique lines, that is longer which deviates more ftom 

« the perpendicular *- ' 

I 2 Two and only two oblique lines, of given length, can he diawn 
from a given point to a given straight line Give a conslntclton for this 
and show when it fails 

3 A circle cannot cut a straight line in more than two points 

4 A straight line joining the vertex of an isosceles triangle to any 
point in the base is less tlian either of the equal sides, but greater if the 
-point be on the base produced. 

6 Any two sides of a triangle aie together greater than twice the line 
joining the vertex to the middle point ofJhe base 
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Proposition i8 — ^Theorem 


Tlu opposite sides and angles of a parallelogram are equalf 
each diagonal bisects the parallelogram^ and the diagonals bisect 
one another 

Let ABCD be a U™ , then its opposite sides and angles- 
are equal, the diagonals AC and BD each bisect it and. 
bisect one another at their point of intersection O 



(0 In AsBAI>,BC£>, 



f Aa = A.a, 

[Alt As. 


i A^ = A)8', 

[Alt As. 


{BJD = B£>, 

As are congruent 

[Prop lo.^ 

Hence 

AB= CD, AD = BC, 


and 

A.BAD=^A.BCD, 
tsABD = t^BCD. 


Similarly, from 

the As ABC, ADC, 

it can be proved 

that 


AABC=A.CDA, 
and that .<4 C bisects the figure 
(ii ) In As OAB, OCB, 

f Aa=s Aai 

U7==^7. 

{ab^cb, 


[Alt Ar. 
[Alt Ar 
[Broved^ 
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As are congruent, \Prop, 10. 

Hence OA ~ OC and OB = OD . . 


EXERCISES 

1. T«o pinllels AB, CD incladcdlKrtnccn Ino other parallels ADf 
BC are equal 

2. Tir’ fttalleh ere rzeryrhere 
tqucll} dts'et t 

3 /Vi'tr tfcl e cuadnleferal tt a 
fera^UIc^rat . tf 

(1 ) one ftir ef cfponle sties ere 
taucl cr !f anilely 

( 11 ) fstrx ef offos.le stdes ore 

eq irJ I 

(uj ) petrs ef e*/onfe att^'es ere eptel; 

(n ) tre diajptials hiseei e~th e'her. 

4. In the figure of this propo«iiion inj line through 0, terminated 
hf citiicr pair of opposite sides, is hisecled ai O and dmdes the 
parallelogram into two equal quadrilaterals 

C If one angle of a paralltlograra is a right angle, all its angles are 
right angles. 

6 If one pair of adjacent sides of a jnrallclog’-am arc equal, all its 
sides arc equal 

7. Frost that all the angles of a square are right angles and all its 
sides arc equal 

8 The oiagonals of a rectauglc "re equal 

9 The d agoiials of a rhombu®, and of a square, bisect one another 
at fight angles 

10 If the diagonals of a parallelogram are equal, it is a rectangle. 

11 If the diagonals of a parallelogram arc equal and perpendicular, 
it IS a square 

12 Tlic bisectors of the four angles of a parallelogram enclose a 
rectangle. 

Proposition 19 — Thkortm 

If there are three or more parallel sUatght lines ^ and- the 
intercepts made by them on any straight line that aits them 




3 ° 
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are equals ilien tJie corresponding intercepts on any other 
straight line that cuts them are also equal 

Let Z, M, iVbe parallel lines, and let a line ^ cut them 
m JB, C, makuig 

then, if any other line Y cuts them m jP, Q, J?, 



Let PS^ QThs drawn parallel to X, meeting M, JY m 


S, 2’ respectively 
Then AS is a H' 

IX 

> 



PS=AB, 

\Prop 1 8 

and 

^risa 11“ 



QT=BC 

\Prop 1 8 

But 

AB = BC, 

\Hyp 

Now 

PS= QT 

M\\N, 


Z.a = corresp Z.a 
Again, PS, Qr are each || X, 



^*S1I QT, [Piop 6. 

Z./8 = corresp Z./8' 
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Hence m As PSQ, QTR^ 

= i£a, 

.PS==QTi [Prop. \o. 

As are congruent, 

. PQ=QR. 

EXERCISES 

1 In the tnanglc ABC the side AB is divided into any number of 
■equal parts, and through tlic points of disiston pnrillcls are drawn to 
the base prove tint these parallels will divide the side AC into 

’ the same number of equal parts. 

2 A straight lute dtason through the middle point of the side of a 
! Jrtan^e parallel to the base will hutit the other side. 
j 3 The straight line jotntng the middle points of the sides of a triangle 
^ ts parallel to the base and equal in Unsfh to half the base 

4 . The straight lines joining the middle points of the adjacent sides of ^ 

* M. quadrilateral form a parallelogram t 

I B The straight lines joining the middle points of opposite sides of a 
\quadnlateral bisect one another. 

{ 

MISCELLANEOUS QUESTIONS AND EXERCISES.— L 

1 What IS Demonstrative Geometr) ? 

2 What IS a Theorem? ^\hat arc the two essential parts of a 

theorem? Give examples ^ 

3 W^cn arc two theorems said to be converse, each of the other ? 

Point out all such pairs of theorems in the first nineteen profinsitioiis. 

4 Define a point , what are its positive and negative geomctncal 
properties respectively ? 

B Draw two adjacent angles of 30" and 135" 

6 Define a right angle How would you show practically that the 
angular space, about any point in a plane, contains four right angles ? 

7 What 15 meant by the complement of an angle? Draw two 
■adjacent complementary angles, one of them being of 30® 

8 Why docs not the size of an angle depend upon the lengths of 
its arms? 
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9 Define sttpphmtnfary angles Given an angle, what is tnc 
simplest construction for finding its supplement ? 

10 Define stratgh! hues, and explain Ph} faiths Axiom 

11 “ Parallel straight lines are such as he in the same plane, and 
xohich remain at the same distance Jiom each ethei, however far they art 
produced ” 

From what proposition can this be deduced as a corollary ? 

12 Under what circumstances can two straight lines be produced 
ever so far without meeting, and }et not be parallel? 

13 If two straight lines be not parallel, prove that all straight Imes 
cutting them make alternate angles whose difference is constant 

14. Define a straight line, and from your definition deduce that — 

Any two sides of a triangle are together greater than the third 

16 Can you construct a triangle with any three gi\ en lengths for 
sides? 

16 Draw a line cutting two others, and point out the pairs of 
corresponding angles it makes with them 

17 Define a tnan^e , how man) different kinds of triangles are 
there ? Draw one of each kind 

18 In an acute-angled triangle any two of the acute angles arc 
together greater than the third 

19 Three sides of any quadrilateral arc together greater than the 
fourth 

20 The sum of the interior angles of a rectilineal figure is double 
of the sum of its exterior angles , find the number of sides 

21 Show that if the straight lines bisecting the angles B, C of the 
triangle ABC meet in O, then OA will bisect the angle A 

22 If AA', BB', CC be three diameters of a circle, prove that the 
triangles ABC, A'B'C are congruent 

23 From the sides BC, CA, AB of an equilateral triangle, lengths- 
BP, CQ, AR, each equal to onc-third of a side of the tnangic, are cut 
off Show that the triangle PQR is equilateral, and has its sides- 
perpendicular to the sides of the triangle ABC 

24 Prove that anj side of a triangle is less than half the perimeter. 

26 If the bisector of an angle of a triangle bisect also the opposite 

side, the triangle is isosceles 

26 Define parallelogram, rectangle, rhombus, and square, 

27 Draw a parallelogram whose diagonals arc S 6 cm and 7 6 cm, 
respectively, and contain an angle of 45° 

28 Draw a rhombus whose diagonals are 3 8* and 4.8* respectively, 

29 Construct a square whose diagonal is 3 5" 
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30 Draw a rectangle whose diagonal is 5 " long and makes an 

angle of 30 * ivilh a side , shon that the shorter side is half the length 
of the diagonal. ^ 

31 From the base angles of an isosceles tnangle perpendiculars are 
drawn to the sides , show that the angles made by them with the base 
are each equal to half the vertical angle 

32 In the quadniateral ABCD, the lines drawn from A to the other 
angular points are all equal Show that the angle BAD is double of 
the sum of the angles CBD and CDB 

33 If tivo parallelograms have a common angle, show that all their 
angles are equal each to each 

3i ABC vs an equilateral triangle \ AC vs produced to D, so that 
CD IS equal to CA, and BD is joined Show that BD is perpen- 
dicular to AB, 

35 Take AB 3 " long, and without producing AB draw a straight 
line at right angles to it through the point B 

36 In the isosceles tnangle ABC the bisectors of the equal angles; 
B and C, meet the opposite sides in D and E respectively , prove that 
BE, CD, DE arc equal 

37. In the triangle ABC the bisectors of the angles at B and C 
meet in /; DE is drawn through /parallel to BC and meeting AB^ AC 
in D and E respectively Show that DE is equal to the sum of BD 
and CE 

38 Draw a parallelogram whose diagonals axe 10 cm and 12 cm , 
and one side is 7 cm 

39 Explain nhat is meant by the distance of a point from a straight 
hne. A point being taken on one of the arms of an angle of 30 °, show 
that its distance from the other arm is equal to half its distance from 
the vertex of the angle 

40 If the diagonal of a parallelogram bisect the angles through 
which It passes, the parallelogram is a rhombus 

41 The bisectors of the base angles of an isosceles tnangle contain 
an angle equal to an exterior angle at the base of the tnangle 

42 A straight line drawn at nght angles to BC, the base of an 
isosceles tnangle ABC, cuts the equal sides AB, AC in D and £ 
respectively ; prove that ADE is an isosceles tnangle 

43 Each of the interior angles of a rectilineal figure is of 160 ° , find 
the number of sides 

44. Each of the extenor angles of a polygon is of 18 “ ; find the 
number of sides 

46 The join of the middle points of two opposite sides of a quadri- 

S 
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lateral is at right iTjgles to each of these sides , show that the other 
two sides are equal ' 

46 Prove that the hjpotenuse of a right-angled triangle is greater 
-than either of its sides 

47 The sum of the sides of a quadrilateral is greater than the sum 
of Its diagonals 

48 In an obtuse angled triangle the greatest side is opposite to the 
obtuse angle. 

49 On a base BC 2 7* long describe the triangle ABC, having the 
angles at B and C of 36° and 84“ respectivelj , let the bisector of the 
angle A meet BC in I> , prove that .ID is greater than BD 

60 Prove that the bisectors of the base angles of any triangle can 
never be at right angles to each other 

61 If the middle points of the three sides of a triangle be joined, 
the triangle is divided into four triangles, which are equal in every 
respect. 

62 The straight lines draun through the angular points of the sides 
■of a triangle, parallel to the opposite sides, form another triangle whose 
sides are twice as long as the sides of the given tnangic 

63 The middle points of the sides of a triangle are at distances oi 
2 6", 2 8*, and i 7" from one another , draw the triangle 

64 Take a line AB 5 7" long, and trisect it in the points D and E ; 
•on DE describe an equilateral triangle DEC, and join FA, FB 
Prove that the angle AFB is of 120' 

66 Vtliat regular poljgons have their exterior angles right angles 
and obtuse angles respectively 7 

66 llie Ulterior angle of a regular polygon is seventeen times the 
«xterior angle , find the number of sides 

67 Define an aci te angled h tangle, and prov e that the perpendicular 
from any of the angles of an acute angled triangle on the opposite side 
falls within the triangle 

68 The perpendicular from either of the acute angles of an obtuse- 
angled triangle on the opposite side falls outside the triangle 

69 \Vliat IS a scalene tnangiel Show that all its angles are 
unequal 

60 If two angles of a triangle be unequal, the smaller of the two 
must be acme 

Define a itapeztum A straight line DC is drawn parallel to the 
base of an isosceles triangle OAB, forming the trapezium ABCD. 
Trove the following properties, 61-64 — 

61 The non parallel sides are equal 



TRIAKGLES AND RECTILINEAR FIGURES 35 


62. Tbe diagonals are eqssL 

$3 The Hne joiinsg tie middle points of the parallel sdes fe 
perpecdica’ar to both of them. 


O 



64. The line joinT.g the taiddie points of the non-pcraI»el £ies 
bisects both diagonals and is perpendicaiar to the line of En. 63. 

65 One of the non-pamlld s’des EC o' the impezinm A3CD is 
Ksected H O, and inrcngh O the straight line FOE is cn:”TJ parallel 
to AD, meeting A3, DC in FzjA E respecth-elj ; prore teal 

AF=DE-l\AB- CD). 

66 Drat? a Inte 7.S enn long, and d.'^de it into six eqnal parts. 

67. Tal e a hre 5 5" Icrg : clv_e it 07 constmcncn itio Ere sqaal 

parts, and check 07 meesnrement. 

68 The sdss A3, CD of the parallelogram ABCD are bisected in 
E and F; shavi that ED, 3F:jis^. the dngcnal AC. 

69. If cn7 point on the cmgo-al o'* a sc-are is joinea to its angalar 
points, the sqaare is divided Into ..vo pairs c*” eqnal fiarg'es. 

70 The stnng"t line j&.niag t^e middle poi~ j o'” Jte ro”-parahei 
s’des of a trapearam is eqnal to naif the snm of the para ’el s'ces. 

71. The snaigh* line joining Jie middle points of the d.agonaIs o^ a 
trapedam is eqaai to half the difference of the paiaPel s-aes. 

,72. Denne a /r'r. 

A Inte ABCD is constn-cted 1^ cescrih'ng tvo aneqnal isosceles 
triangles AC3, ACD on opposte sides of the same case .-iC; prove 
that BD SKSsets the whole fignre, and bisects ACtlX rig’-'t ar.glts. 

73 The ia*emal bisectors o^ the angls c*" a parai'e'-ogram form a 
r ertpr .g'e, whose diagonals are parallel to the sides of the cngtnal 
paralielcgram- 

74. In tee ^es AB, BC, CD, DA of a senare .4BCD, points 
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P> (?> Rt ^ w taken so that AP^BQ=- CR=^SD , prove that PQRS is 
-a square 

76 The sides BC, CA, AB of the equilateral triangle ABC are 
produced to P, Q, R respectively, so that CP=^CB, AQ=AC, and 
BR—BA , prove that PQR is an equilateral triangle. 

76 Prove that if the middle points of the sides of a rectangle, taken 
in order, be joined, the figure so formed is a rhombus, and if the 
middle points of the sides of a rhombus be similarly joined the resulting 
figure 15 a rectangle. 



AREAS 



Def. — The altitude of a parallelogram or triangle, with 
reference to a given side selected as base, ts the perpeiidt- 


cular distance between the base and the opposite side or vertex 


From this definition it follows at once that if two 


parallelograms, or two tnangles, stand on the same base 
and have the same altitude, they are between the same 
parallels. 



For, taking the case of two As PBC, QBC which 
stand on the same side of a base BC, and have equal 
altitudes PL and QM, we see that 

•.* PL, QM vxG, equal and H, \Syp 

. . PQML IS a Ij". [Prop i8, JSx 3 

Hence the As PBC, QBC are between the same 
parallels. 

In the same way it may be shown that if two As stand 

37 
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on equal bases, which arc in ihc same straight line, and 
base equal altitudes, thej ire between the same ijarilleh 


P <? 



The stiuknt v ill find no difliculi\ m mat mg the corre 
. spending figures for the cast of tvo panllu’u.runs 

Again, It should be noticed that if two triangles, or 
two parallelograms, have equal bases and equal altitudes, 
lhe> can alwajs be placed as in the first figure, where thej 
stand on the same base and ha\e the same altitude 

In the iiropositions which follow, the student will come 
across figures which altnough equal in area arc not equal 
in all respects 

Such figures arc equivalent hut not congruent 

1 Proposition 30 — Tm ori-m 

«» 

' ParalMogran's on iht same base at.d p/ fie same alMtide 
are equal in ana 

Let AJiCD, ABPQ be on the same base AB, and 
having the same altitude , then the ||"' are equal in arca- 
! The altitudes of the Ij"” are equal , 

' . they are between the same H* \_Prop 18, Ex 3 

Hence CPDQ is a sL line 

Then " BCIAD, 

Am. = corresp Am ; 


\ProJl>. 5. 
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and 


•. BP\\AQ, 




Z.j 8 = corresp , 

\Prop. 5 . 

also 


. BD IS a ir, 
BC^AD 

\Prop rS. 


<? 

/> P 

C 





Hence in As BCP, ADQ, 

(Ajx. = Aa' 

\BC=AD, 

As BCP^ ADQ. arc congruent and equal in area, 

\Prop lo ^ 

Taking each in lum from the whole figure ABCQ, the/ 
remainders, viz. the [j"” ABPQ, ABCD, are equal m area. • 


EXERCISES 

« 

1 . SnoTV that the above proof applies eqMily sxeH to the following tit» 
figures — • 



A B 
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tn area 

3 Emal tarallelegranu on equat bases hare /be same aUtitidt 

4 Equal parallelograms basnttg the same altitude stand on equal 
hoses 

6 77« area of a parallelogram ss equal to that of a rectangle hasnng 
ihe same base and height 

6 Wuh sides 5 cm and 7 cm , and included angle of 30 ', drair a 
pitallelogram conatn ct 1 rectangle equal to it in area. 

7 Ihe straight lines joining the middle points of the sides of a 
triangle fotni ^^lth those sides four parallelograms which are equal in 
area. 

8 Divide '> given parallelogram into *ive parallelograras of equal 
area. 


PROPosmojv 21 — ^Theorem 



Triangles on the same base and of the same altitude are 
equal tn ana 

Let ABC, ABP be two As on the same base AB, 
and of the same altitude then 


As ABC, ABP are equal m area. 



A B 
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I As y//>/’ha\c tijc same altitude, 

I they are between the same |p \Prop 1 8, 3 

Draw BX, ^lV\\ylC, j9/^resppcinely, meeting PC pro- 
<luced in X, J', then XCPY\s H to AB, and AX, /iF arc 
IP' on the same base AB and between the same H', 

. IP /;K \Prop 20 

liut 'PAX^sAABC, [Prop 18 

and rBy=2AABP, 

• AABCr^AABP 

CoK I — // a pat allelogram and a fnangle oa ofi the 
same base and have the same aUttude, the area of the triangle 
ss ctjual to half that of the parallelogram 
^ yXQov. 2 — The area of a ttian^le ts equal to half that of 
A rectani;le having the same base and height 


PUOPOSI 1 ION 2 2 — HLORLM 

JLqual triangles on equal bases are of the same altitude 
Jjct ABC, PQR be two As of equal area on equal 
bases AB, PQ , then their altitudes CL, RN are equal 


C R 



Ls.ABC=^\AB CL, [Prop 21, Cor 2. 
A.PQR — \PQRN [Prop. 21, Cor 2, 
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\syp‘ 

{Jffyp. 


♦» 

But 

and 


AAJ3C=Al>QJi, 
,'.\ABCL^\PQ'R-N, 
*. AB^PQ, 

• CL=^RN 


EXERCISES 

I. Trumgles an Ihe same base and between the same parallels are 
equal 

2 Tt tangles on equal bases and between the same pat allels ate equoL 

3 Equal tnaugles on the same base, and on ihe same side oj tt, are 
betsoeen the same patalUJs 

4. Triangles ^ equal area on equal bases m ihe same sitatghf line, 
and on the same side of tt, are betw'en the same parallels 

6 The stnuglit line drawn from the vertc'c of a triangle to the 
middle point of the base bisects the tnangic 

6 Show how to divide a tnangle into three equival 'nt triangles by 
straight lines drawn from the vertex 

7 Of two unequal triangles between the same parallels, that wliich 
has the longer base has the greater area 

8 A triangle and a paiaUelogram have equal altitudes, but the base 
of the parallelogram is half of the hose of the tnargle , show that the 
areas are equal 

9 Two triangles have two sides of the one equal to two sides ef the 
other, each to each, and the eoiUasned angles ate supplementary , prone 
that thetr at eas at e equal 

10 Two inangles of equal area ate on the opposite sides of the same 
base, prozte that the straight line joining ihe.r ve/tiees is bisected by the 
base 

II. If one diagonal of a quadrilateral bisects another it also bisects 
the quadrilateral 

12. The diagonals ofa parallelogram divide it into four equal tnangles. 


Proposition 23 d 

Explanation of ilu geometrical tluo/em corresponding tor 
the algebraical identity 

k{a + d + <r) aa>C'a + + Ar. 
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Take two st lines OX, OY at rt Z.s Cut off OP, PQ, 
QR lengths of a, b, c units, and cut off OA a length of k 
units 



Complete the rectangles as shown m the figure Then 

the whole rectangle ORBA contains 

k{a + ^ + ^) units of area , 

and Its three parts contain 

ka, kb, kc units of area respectively. 

Hence the corresponding geometrical theorem is • — 

If there be two siiaight hues, one ofzvhich ts divided into 

uny number of parts, the rectangle contained by the two 

straight lines is equal to the sum of the rectangles contained 

iy the undivided line and the several paits of the divided line 
/ 

EXERCISES 

1 Constnict a geometrical figure to illustrate the algebraical identity y 

(a + fi)(e+tt)=ac+/ic+ad-^itt ' 

2 Draw a figure corresroncling to the identity 

a(a + 6)=a-1- ab. 

PROPosinoN 24 f 

Explanation of the geomettical theorem corresponding to 
the algebraical identity 

(a + by = a^+ sab + b^. 
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Take a st line a->rh units in length, and on it descnber 
a square • 

On the part a units describe another square, and pro- 
duce its sides to meet the first square as in the diagram. 

The whole figure is a square con- 
taining 

(a + Sf units of area , 

also, of Its parts the smaller squares 
contain 

€?■ and b'^’ units of area respectively, 
and each rectangle contains 
ab units of area 

Hence the corresponding geometrical theorem is — 

If a straight line be divided into two fatts, the square on 
the whole line is equal to the sum of the squares on tJ e two 
parts together with twice tlu rectangle contained by the parts. 

EXERCISES 

1. Draw a f^xe corresponding to the identit) 
(a+3)®=fl(a+^)+#(a+^) 

2 Give a geoinetncal illustration of the identity 

(a + i + c)’ = a - + + 2f« + 2<ri 

Proposition 25 

Explanation of the geometrical theorem corresponding la 
the algebraical identity 

{a — Vf- = a® — zab + ^ 

Take AB of length a units, and from it cut off BC, of 
length b units 


« b 


ah 


a* 

ah' 


a b 
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On AB, AC, BC describe the squares AX, AY, CZ 
as m the figure, and produce JDY^o B. 

The rectangles DX, YZ each 
contain ab units of area 

The A\hole figure contains 
flS a. ^2 units of area, and is 
made up of the two rectangles 
DX, YZ and the square A Y , 
hence 

fl- + ^ = icib T (fl — 
t c. (^ ~ b)" = a~ — 2ab b~ 


ex-b 


i ct-b C 

b 



Y 


Z 

b 

B 

a-b 

\R 


Hence the corresponding geometrical theorem is . — 

Jf a straight lint be divided into any iivo parts, the sum 
of the squares on the whole hue and one of the parts ;r equal 
to tivce the rutangle contained by the whole hue and that 
part together with the square on the other part 


EXERCISE 

Constnict the abo\e figure, taking <*=5" 'ird 15 = 2 " 


Proposition 26 

Explanation of the geometrical theorem co.tespondtng to 


the algcbtatcal identity 

O a-b B p A b C 


S 

R 

R 

R 

r 

62 

E V 


If G 


a- - b- = (fl + b){a - b). 

Take OA ol length a 
units, and on either side 
of A cut off AB, AC 
each b units of length 
On OB, OA describe 
squares and complete the 
diagram 
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The rectangles R are all equaL 
Also rectangle OD= OC CD 

= (a + b){a - b), 
S+R-^R~{a + b){a-b) 

Again, the figure OAEFGHO = a- — Ir, 

Hence /z® - 3- = (a + b){a - b) 

The corresponding geometncal theorem therefore is * — 
77ie rectangle contained by the sum and aifference of two 
straight lines is equal to the difference of the squares on 
the lines 


EXERCISES 


1 Construct the above diagram, taking a and b fire and three inches 

respecmel} , 

2 In the following diagram the several lines are ncrpendicnlar and 

parallel, and the lengths of some of them are 
gisen , show that it illustrates the algebraical 
idenbty 

{fl^f)5_(a-^)!=4a} 

3 Dran a hgnre illustrating the identi^ 
(x-*-a)(x-'- 05+ Ar— 

4. If tfie^unit of length be a centimehe, 
and X be any given length, draw a aiagiam 
corresponding to the identity 

(x-r 4)'x + 5) =x* 9r-»-20 

6 In the figure of Ex. s produce the sides of the inner square both 
ways, and use the figure so formed to prove the identity 
(o A j- + (o — A)* = 20- cA* 

6 If A, B, C, D be fo tr feints in a straight lint, prase that 
AB CD-BC AD=AC BD 


Proposition' 27 — ^Theorem 


The square described on the hypotenuse of a nght-angled 
inangle is equal to the sum cf the squares desenbed an the 
other two sides 
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Let ABC be a right-angled triangle, BAC being the 
Tight angle ; then 

BC^=CA^ + AB"- 



On BC, CA, AB descril’'e the squares BJf, CG, AB 
Draw AZ jj C/I or B/C and meeting IIIC in L, 

Join AK and CD 

As BAC and BAE arc rt 

CAE IS a St line \Brop. 2. 

Smnlarl}, BAG is a si line 

Now rt AABD^x\. ACBK 

To each of these add AABC, then 

ACBD^AABIZ 
Then m As CBD, ABE, 

BD = AB, \Cottst. 

BC =■ BK, \Coiist 

.and ACBD = AABK, \Proved, 

ACBD^AABE [Prop 9. 

sq. AD = sACBD, \PrDp. 21, Cor. i. 


But 
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and BL=2AABK, 

hence sq AD = H” BL 

Similarly, by joining AH, BF, it can be proved that 
sq CG = TCL 

But ir^Z + |rCZ = sq BH, 

hence sq BH= sq CG + sq AD ; 

le BC^=CA^ + AB^ 


Cor r — In a r’ght-angled triangle, tf a perpendicular be 
drawn from the tight angle to the hypotenuse, the square on 
a side of the triangle is equal to the rectangle contained by the 
hypotenuse and its segment adjacent to that side 

{AB^ = BC BP, and ACT-^CB CP) 


CoR- 2 — If the square on one side of a triangle be equal 

to the sum of the squares on the 
other two sides, the angle con- 
tained by these sides is a right 
angle 

In PsABC, let 

B(? = A(f^AIP^ 

Draw AD Jl. AC, and equal' 
in length to AB , join CD, 
Then m IS CAD, 

A.A IS a rt Z., 

CD" — A CP + AD'^ ^Prop 2 7, 

But AD'=AB, \Const 

CD^ = AC"^A^ 

= BCP 



CD = BC 


{Hyp 



Again, in As CAD, CAD, 

(CD^BC, 

\ad^ab, 

Kac^ac, 

As arc congruent, 

and /LBAC=A.DAC, 

which IS a right angle 

Note. — Proposition 27 is known as the Theorem of 
Pythagoras 

The following proof of this important T heorem given by 
Hindu mathematicians will interest 
the readers 

The area of the larger square 
= a" + ^“ + zab 
=i^ + 4 jr^ABC 
But area of ABC is } ab, 

• a- 4 b~+ 2 ab=^ + zab, 

o to n 

a- + 

This proof can be explained to the class by folding a square 
piece of paper as shown in the figure 

EXERCISES 

1 Find a square equal to the sum of two gi\cn squares 

2 Conslnict a square equal to the ilifiercnce of two given squares. 

3 Take two equal lengths OA, OP-W. right angles to one another ; 

from OA produced cut olT OB=Pt, OC=PI>, OD^PC, OE=PD, 
and so on , show that if OA represent iinit>, then PA, PB, PC . 
represent the square roots of the numbers 2, 3, 4, $ rcspectiv cly 

4. Taking one centimetre as the unit of length, draw a line whose 
length IS ,J{y) centimetres 

B The square described on the diagonal of a square is double the 
original square 

6, Find a square which is equal to the sum of throe given squares 
7 The equate described on a sliaight line is four times the square 
described on half the line 

£ 
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8 Three times the square on a side or an equilateral triangle is equal 
to four times the square on its altitude 

In the figure of Proposition 27 prove the following theorems 9-15 — 

8 AD and AT are in the same straight line t 

10 BE is parallel to CG 

11 AEiS perpendicular to CD, and ANk perpendicular to BE 

12 Angles ABC, KBD are supplementary 

13 Angles ACB, ECU are supplementary 

14 Triangles DBK, ECU are each of them equal to the triangle 
ABC 

16 The triangle EAG equals the triangle ABC 

16 In the straight hue AB, or AB pi oduced, a point L is taken, and 
LP IS drawn at right angles to AB, show that the difference of the squares 
on PA ana PB is equal to the dtffeience of the squares on AE and BL 

17 If a pet pendteular is drawn from the vertex of a ti tangle on the 
base, then the difference of the squares on the sides of the triangle ts 
equal to the difference of the squares on the segments of the base 

18 The sides of a triangle are represented by the numbers II, 60, 
and 61 , show that it has a right angle 

19 The sides of a triangle arc represented by the numbers 2, <1/3 and 
I , show (hat It 18 a right angled triangle having an acute angle of 60’ 

20 If the difference of the squares on two sides of a triangle be 
equal to the square on the third side, the triangle is right angled. 

Def I — TJie foot of the perpendtailar through a given 
point to a given straight line is called the projection of the 
given point on the given stiaight line 

In the figure of Prop 27 the point P is the projection 
of A on J3C When the given point is on the given 
straight line it coincides with its projection on it Thus 
in the figure of Prop 27 the projections of the points C 
and B on AB are A and B respectively 

Def 2. — The piojection of a given straight line on 
another ts the straight line joining the projections of its 
extremities 

In tlic figure of Prop 27, BPsaA CP are the projec- 
tions of AB and AC on BC 


A^EAS 


5» 


Notation — ^I'hc sides of the triangle ABC, \%hich arc 
opposite to ihc angles A, B, C rcspcctnely, are denoted 
by the corrcsjionding small letters a, if, c 

PRorostTiON eS — ^TitcoRnM ^ 

In an obt.tse angled h tangle, ihc squat eon the side opfostle 
to the obtuse angte ts equal to the sum of the squatt-s on the 
other two sides together svtth tnuce tlu. rectangle contained 
by e.thei of these sidts and the ptojeehon upon tt of tic other 
Let ABC be a triangle having the ( binsc angle BAC, 
Draw CI( = p) perpendicular to BA produced , then 
AL{ =a) is the projection of -liC on BA, ^ 

It ts required to prove that 



B A ^ L 

•.* /, IS a right angle, 


a- -{p-\ a)- ^ p\ [Prop 2 7. 

and b- =5 a” 4 /- , \Prflp, 2 7 

— p-f ZCA , 

, /7-S//-4 <r+ acA. 

EXERCISES 

1. Draw a trhngle xilh *.k1cs 7 cm , 5 cm , ami 4 cm ; cilculate 
the length of the pcrpcntliciihr drawn from the oppoMlc nglc on the 
side 4 cm Ilcncc find the area of (he tnanglu 
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2 Draw a trjangle sides i* i 7", and 2 i", calculate the length 
of the perpendicular from the opposite angle on the shortest side 
Hence find the area of the triangle. 

3 The side of an equilateral triangle is unity , find the length of the 
perpendicular from the vertex on the base, also find the lengths of the 
segments of the base made b} the perpendicular 

^ 4 The line AB is inclined at an angle of 60“ to the line AX , prove 
that the projection of AB on AX is equal to half of AB 
It'S In the triangle ABC the angle A is of 120“ , prove that 
e® = A® + r® + 

6 Draw the triangle ABC, having given 3=4." f = 2*. and /A — 120*. 
find a, 

7 Construct the triangle ABC, in which 3=46* ^=38", and 

..4 = 150°, calculate the lengths of the perpendiculars from the acute 
angles on the opposite sides , 


' Proposition 29 — Theorem ^ ^ " 

the squat e on the side opposite to an acute 
'angle is less than the sum of the squares on the sides contain- 
ing the acute angle by tvuce the rectangle contained by either 
of those sides and the pt ejection upon it of the other side 
In the PsABC let BAC be an acute angle Draw 
CZ( = p) perpendicular to BA , then ALi^ = is the pro- 
jection of CA on AB 

It IS required to prove that 


a- = b^ -^rc^— 7 .ex 

C 



A-L lb a rt 

= 27 
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and ^ = 27. 

a~-^ = {e— a )' - 3^ 



I Cor. — In ary triangle the sum of the squares on hvo 
s.des iS equal to t 7 cnce the square on half the third side, and 
r:oiee the square on the median that Insects the third side, 

I Def — ^T he straight lines drawn from the angular 
points of a triangle to the middle points of the opposite 
sidec are called the medians of the triangle. 

In the Is ABC let CD be the median which bisects 


j 4 B in D , then 

A(r-^ BO- = zAD- + 2 CD- 
Draw CLj^AB 


C 




Then A(r-=^ AD- + CD- - zJiD . DL j \JProp. 28. 

and BC- = BD- ^ Cl?- zBD.DL [Brof. 2 9 

Since AD^BD, we haie b% addition 

AC- ^BC-^ zAD"^ T 2 CJf. 


EXERCISES 

1 "With s’des 7 cm , S cm., and 9 cm draw a triangle; calculate 
* the lengths of the segments of the longest side made bj the perpendicular 

drawn to it from the opposite angle. 

2 In the tnanglc ABC the angle A is of 60“ , prote that 

he 
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3 Draw the triangle ABC^ having gi\en 3=7 cm , ^=5 cm , ■«(! 
^=60* , calculate the length of a 

4 In t.h“ figure of Prop 29 pro\e that 


AL= and BL=- 

2C zc 


5 In the figure of Prop 29 calculate the length of the pcrpendicutar 
CL. 

We have 



43V-(/l=+ra-ay 
“ 4^“ 

_ ( 2 (ie.^H^ + P — ir ){ jbe-lP — p.‘-a^ 

■“ 4^* 

_ {{b^e)^-tP\ {a--[b-cn 

4<~' 

_ (t+e+aYi+e~a )[ a + 6-c)[a-b+c) ^ 

4fS ' 

P~'^g\^{a+6+e){6+c-a){c+a-b){a+b~-^ 

Now let s deno‘e the scmi-pcrimeter of AABC, then 
a+b + e—zs, 

b+e-a=a+6+e-2a=:ss-2a=2[s — a), 
e+a-b=a+d+c^2b=2s -2b=2[s-b), 
and o+3-f=a+i+c-2f=2j-2f = 2 (f-e) 

Substituting these m the expression for / u c get 

/=-^'j2S 2 (s — a) 2(f-3) 2 (j-f) 

= = N(r(j - fl)(j -b)[s- e) 

It IS usual to denote the area of the triangle ABC by the Greek 
letter A 

From Prop 21, Cor. 2, we ha\e 

A-^pe 

Hence A= rJs{s-a)[s- 6 )[s-e'i 

This IS called Hero’s Formula. 

6 In the triangle ABC if pi, /j, /j be the perpendiculars from the 
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angular points A, 
that 


B, CrespectivcU on the opposite sides, th**" nrose 


/i= 



zl 



7 In the figure of Prop 2S prose that 


AL= - 


CrJ-e--a- 


and BL = 


(» *1 yf* 

■—a' — ir 
zc 


Show that by using this saluc of 4 L\\c get the same c\pressions 
for p and A as in Ex 6 

8 Draw a tnangic with sides S 4 cm , 1 3 cm , and S 5 cm , find 
the length of the perpendicular from the opposite angle on the longest 
side, and calculate the lengths of the segments of the longest side made 
bj the perpendicular 

Find also the area of the triangle 

9 If »jj, m„, tr. be the medians which bisect the sides a, b, c of the 
tnangic ABC, pro\c that 


n 2/i^+2r^ — a- o Z^-czd^ — lr „ zcr — zlr — i^ 

»^r= . «2-= , ^3-= 7— • 


• 10 Pro\e that four times the sum of the squares of the medians of a 
triangle is equal to three times the sum of the squares of its sides. 

11 The sum of the squares of the diagonals of a parallelogram is 
equal to the sum of the squares of its four sides 


MISCELLANEOUS QUESTIONS AND 
EXERCISES —II 

1. Mention the first proposition in xshich two areas, which cannot 
be superposed, arc proied equal to one another 

2 Show how to cut the paper model of a parallelogram, so that 
when the parts are properlj arranged thc} shall form a rectangle 

3 Di\ide a parallelogram into two equal parallelograms 

4 Define thc ttittl of a>ea 

Construct a rectangle with sid&. 3" and 5"; diiide adjacent sides 
into inches, and through the points of division draw parallels to the 
rides , show that thc fifteen figures into which the rectangle is di\ided 
Jire squares with i" side 

5 Pro\c, hj means of a construction, that if the sides ol a rectangle 
are m and w inches rcspectivclj, its area contains vm square inches 

6 Draw a parallelogram wath sides 3* and 3 5", and included angle 
of 30® , construct a rectangle of equal area 
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Find also the area of the parallelogram 

7 Draw a parallelogram wath sides 5 cm and 8 cm , and included 
angle of 45° , construct another parallelogram of equal area, but having 
one of Its angles of 60° 

8 On a base 4.S" long draw two parallelograms of the same height 
3*, but having different angles of 150“ and 60° 

In the figure so formed proie that the areas of the parallelograms 
are equal 

9 A point O IS taken anj where wathin the parallelogram ABCD , 
pro%e that the sum of the areas of the triangles OAB, OCD is constant 

10 A triangle and a parallelogram stand on the same base, and the 
altitude of the tnangle is double that of the parallelogram , prove that 
their areas are equal 

11 The side AB of the parallelogram ABCD is bisected in M 
Cil/ and D 4 . produced meet in O Prove that the tnangle OCD is 
equal m area to the parallelogram 

12 Two tnangles PBC^ which are equal m all respects Stand 
on the same base BC and on the same side of it, but are not coincident , 
BP, CQ being produced meet in R , prove that APand RQ are equal 

13 The sum of the perpendiculars drawn from anj point within an 
equilateral tnangle to its sides is equal to the altitude of the triangle. 

14 The sum of the perpendiculars drawn from any point within a 
regular pol}gon to its sides is the same wherever tlie point is taken 

16 The perpendiculars from two opposite angular points of •’ 
parallelogram, on the dii^onal which docs not pass through them, are 
equal 

16 In the parallelogram ABCD, take anj point P in the diagonal 
AC and join PB, PD , prove that the tnangles APB, APD are equal 
in area 

17 If a pomt 0 be taken wathin the parallelogram ABCD, and 
joined to the angular points, then 

\OABJrt,OCD=UOBC^i^OAD 

18 The sides of a tnangle are 5", 6", and 'f , calculate the length of 
the median which bisects the longest side. 

19 The sides of a triangle are represented bj the numbers 257, 255, 
-ad 32 , calculate tlie length of the median which meets the longest side 

20 The base of a tnangle is 6", and its altitude is 4" , find lU area. 

21 In the last e.\ercise, if the tnangle be isosceles, find the length of 
one of Its equal sines 

22 If a quadnlateral be bisected b> each of its diagonals it is - 
parallelogram 



AREAS S'/ 

iZ Tour times the sum of the squares of the medians of a right- 
angled triangle is equal to six times the square on the hjpotcnusc 

24 IRCD IS a trapcrium m mIiicIi the sides AD and BC arc 
parallel Produce JD, BC to R and F respectnel), making DE 
and CF equal to BC and AD join EF Prose that AEFB is a 
paralklogram double of the gis cn Irapcnum 

Hence deduce a rule for finding the area of a trapezium 

25 The squares on the diagonals of a quadrilateral are together 

equal to twice the sum of the squares on the joins of the middle points 
of opposite sides 

26 Pros e that the tnangle w hose sides are \[iit + «), Mju - «), \lmn 

15 right angled 

27 In a right-angled triangle the sides containing the right angle 
arc 28 feel and 1 95 feet ; find the hypotenuse. 

28 The hj potcnusc of a right-angled triangle is loi, and the shortest 
side IS 20 , find the third side 

29 The hypotenuse of a right-angled triangle, is 13 cm , and one of 
the sides is 6 5 cm , find the angles 

30 If IK and n be any numbers, the triangle whose sides are w/'-f 
nr- - W-, and 2;«« is right-angled 

31 Draw a triangle with sides 2 3", 2 7", and 3", on the shortest 
side construct an isosceles triangle equal to it in arex 

82 Draw a parallelogram with sides 5 cm and 6 8 cm , and in- 
cluded angle of 45“ , construct a rhombus of equivalent area having the 
longest side of the parallelogram for one diagonal 

33 Through the angular points of a triangle parallels are drawn to 
the opjiosite sides, pro^e that the triangle formed by the parallels is 
four times the original tnangle 

34 Draw a triangle with sides 2 9", 3 2", 35", on the longest side 
as base construct a nght angled tnangle of equivalent area. 

36 From any point, in the base of an isosceles triangle, perpen- 
diculars arc drawn to the other two sides , prove that the sum of the 
perpendiculars is the same wherever the point is taken within the base 

36 The base of an isosceles triangle is 3 2 cm , and its perimeter is 

16 2 cm , construct it and find the altitude 

37 Each side of a rhombus is 5" long, and one of its angles is of 60® ; 
construct it and inscribe a square in it 

38 If D It the middle point ofAB, and C any other point in AB or 
AB produced, proi'c that 


A/r-^-A(Fi=2AJF-\-2CD'^ 
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39 The parallel sides of a trapezium are 1 1 cm and 23 cm , and 
the other two sides are each equal to 10 cm , find the area 

40 The base of a triangle is a, and the perpendicular on it from the 
opposite angle is p , shoii that the area is gi\ en b> 

41 The diagonal of a quadrilateral is d, and the perpendiculars on it 
from the outlying angular points are /, and p « , find the area. 

42 The diagonals d, d' of a quadrilateral are at right angles to one 
another . find the area 

43 The diagonals d, d' of a quadrilateral intersect at an angls of 30° , 
find the area 

44 Prove that any straight line is equal to its own projection on a 
parallel straight line 

46 The projections of two equal and parallel straight lines on any 
other straight line are equal 

46 If the square on one side of a triangle be greater than the sum 
of the squares on the other two sides, the angle between these sides is 
obtuse. 

47 If the square on one side ot a triangle be less than the sum of 
the squares on the other two sides, the angle between these sides 
IS acute 

48 One inch being the unit of length, construct the line whose 
length IS V5 inches 

49 Prove that the tnangle whose sides are 97 cm , 10 cm , and 
10 4 cm IS an acute angled tnangle 

60 Prove the corollary to Prop 29 when the perpendicular falls 
without the base 

61 With sides 7 cm and 9 cm , and included angle of 60®, draw a 
parallelogram , construct a triangle equal to it and haaing one of its 
angles of 45® 

62 The sides AB, AC of a triangle are bisected in jE , is any 
point in the base BC or BC produced, proae that the area of the 
tnangle DEF is one-fourth of the area of ABC 

63 Draw a parallelogram whose diagonals are 2" and 2 5", and one 
side IS 13", construct a rectangle of equal area, having the shortest 
side for base 

64 Of two medians of a triangle, that is shorter which bisects the 
longer side 

66 In any triangle the shortest median bisects the longest side. 
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Def. — If any and every point on a line, part of a /me, 
or group of lines, sbaight or atrttd, satisfies an assigned 
condition, and no other point docs so, then that line, part of a 
line, or group of lines is called the locus of the point satisfy- 
ing that condition — {Syllabus of the A I G T\ 


"" Proposition 30 — Tiicorem 

The locus of a point which is equidistant from two fixed 
points IS the pet pend latlat bisectoi of 
the stiaight line joining tlu two fixed 
points 

Let A, B be tw o fixed points 
Join AB and bisect it in C 
CA = CB, 

C IS one point on the locus 
Let P be any other point such 
that PA = PB 

In the As PAC, PBC, 


\PC A 

C 3 

PBC, ' 


r PA = PB, 

[Hyp 

CA = CB, 

[Const. 

[and PC ^ PC, 

As are congruent, 

[Prop 13. 
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and /^PCA=IL.PCB, 

each of these angles is a right angle 
Hence ever} point which is equidistant from A and B 
lies on CP, the perpendicular bisector of AB J , 
Moreover, if P be any point on CP, the perpendicular 
bisector of AB, then 

PA = PB 

"For, in As PCA, PCB, 

( CA=CB, 

• \ PC=PC, 

[aPCA = APCB, IHyp 

As arc congruent \Brop 9 

Hence ^ ' PA — PB 

Note. — ^The student will notice that in the above proof 
we have demonstrated the following Uvo theorems — 

{x") If a point satisfies the assigned condition, it ts upon 
the locus 

(11 ) If a point IS upon the locus, if satisfies the assigned 
condition 

In all similar cases both these associated theorems, 
ought to be proved 


EXERCISES 

^ 1 Find the locus of all points at a given distance from a fixed point 

2 Find the locus of all points situated at a given distance from a 
given straight line 

3 Find the locus of the centres of circles which pass through two 
fixed points 

4 Find the locus of the vertices of isosceles tnanglcs which have a 
common base 

e Find the locus of the centres of all circles which'pass through a 
given point and have their radii equal to a given length 

6 Find the locus of the vertices of all triangles of given area 
which stand on a common base 
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Proposition 31 — Theorem 

^ Tiic locus of a point which ts equidistant from two tnter- 
sec/ing straight lines consists of the pan of sfiaight lines 
which bisut the angles between flu. two given lines 
I^t A OB, COD be the given st lines 
Dravi OX, OY bisecting the angles AOD, ylOC 
respcctiv ely 

Take any point JP on OX, and draw the JLrs JPL, PM 
to the lines OA, OD. 

A 


* 

/ 


Then, in As OPL, 0PM, 

f A.POZ = A.POM, 

v4 A.PZO = A.PMO, 

land OP= OP, 

As arc congruent, 

and PL=PM • 

Thus the perpendiculars from any point on the bisector 
OX to the lines OA and OD are equal. 

- Moreover, let P be an} point within the angle A OD 
such that the perpendiculars from P on OA, OD are equal 
Then in the nght-anglcd As POL, POM, 

, ^ f side PL = side PM, [Llyp 

^hypotenuse hypotenuse OP, 


AT 


[Const 
[it As 

[Prop I o 
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As are congruent, i4* 

and EJ^OL^PLPOM 

Hence IS on the bisector of one oi tne angles between 
the given lines 


EXERCISES 

1 The locus of points, equidistant from tvio given parallel lines, is 
a straight line parallel to both the lines, and Ijing midua) between 
them 

2 Find the locus of the vertices of all triangles which s*and on the 
same side of a given base and have a given area 

3 r rora a giv eii point straight lines are draw n to meet a fived straight 
line , find the locus of ihcir middle points 

4. Find the locus of the middle points of the sides- of tnanglvs, 
which stand on the same base and are lietwecn the same parallels 

6 Find the locus of the intersections of the diagonals of parallelo- 
grams, which stand on the same base, and arc between the same 
.'arallels 

6 A senes of tnangles have the same base, and medians of the 
same length bisecting the common base , find the locus of their vertices 

Intersection of Loci — Let it be required to deter- 
mine a point which satisfies two given conditions A and B 
Let X be the locus of the point when it satisfies condi- 
tion A alone, and V its locus when it satisfies conaition B 
alone , then the point or points common to A’ and V w ill 
satisfy both conditions A and B 

7 Find a point equidistant from three giv en points, A, B, C 

8 Find a point equidistant from three given straight lines 

9 On a giv en base a construct an isosceles triangle of giv en area A 

10 Find a point equidistant from two given points, and at a given 
distance from another fixed point 

11 Find a point equidistant from two given lines, and at a given 
distance from another fixed point 

12 Construct a triangle ABC, having given the base a, the area A, 
and the median m which bisects BC 
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"We shall recapitulate here bnefl) certain properties of the 
circle \\iih ^^hlch the student is already familiar 

A auk ts the locus of a point in a plane which moves in 
such a way that its distance fioni a ft \cd point ts constant 
Cinles are equal wnoi tluii ladf are equal For, if 
circles with equal radii are placed with their centres co- 
incident, their circumferences must also coincide, other- 
wise in one or other of these circumferences there would 
be points unequally distant from the centre 

A point lies without^ upon, ot within the citaimfeience of 
a aide according as its distance /torn tlu centie is greater 
than, equal to, or less than the radius 

A st>ais;ht line cannot cut natch in mote than two points 
(See Prop. 1 7i E\ 3 ) 

A aide ts symmctiical about a diameter For if it is 
folded about any diameter the two parts must fall exactly 
on one another, otherwise there would be points on the 
two scmi-circumferences unequally distant from the centre. 

PROPOsniON 32 — ^ 1 'hlorem 

A straight line, drawn ftoni the centie of a aide to bisect 
a chord which is not a diainetei, is at right angles to the 
chord 
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Conversely t the pei pendtailar to a chord from the centre- 
bisects the chord 

Let O be the centre of the O, PP' a chord, and Z the 
middle point of the chord }->then 

OL IS X PP’ 

Join OPf OP' 

Then, in As OLP, OLP", 

(PL^P’L, {Hyp 

\ 0P= OP', 

[0L=0Z, 

. As are, congruent, [Prop 1 3 
and Z.OLP =adj iLOLF , 

OL IS X PP" 

Next, let OL be draw n from the centre O perpendicular 
to any chord PP , then 

PL^P'L 

For, in the right-angled triangles OLP, OLP, 

’ ^ Jhypotenuse (7/’=h>potcnuse OP, 

I side C>Z = side OL, 

As are congruent, [Prop 14. 

and PL^PL 



/ EXERCISES 

1 The perpendtcular bisector of a choid passes thioiigh the eentte 

2 The locus of the cenhes of all ctichs vshtch pass through t~vo given 
points IS the right bisector of the jom of the points . 

3 The locus of the 'nid points of a set of parallel chords of a circle u 
the diameter perpendicular to them 

y 4 Every diameter of a citcle ts an axis of symmetry 

B The line joining the middle points of two par'illel chords is 
perpendicular to both of them 

G If the line joining the middle points of two chords pass through- 
the centre the chords are parallel 
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7 Gi\en the middle point of a chord, draw it 

8 Two concentnc circles intercept l)et\,een their circumferences 
equal portions of anj straight line which cuts them both 

9 A parallelogram inscribed in a circle must be a rectmgli. 

10 A trapezoid inscribed in a circle must ha\ e its non parallel Sides 
equal 


Proposition 33 — ^Theorem 

There ts dne circle, and one only, ichich passes thiou^h 
three given points not in a st might line 

Let A, B, C be three points not m a straight line then 
one circle and one only, can be 
drawn to pass through them , 
le one point, and one onl}, 
can be found ^\hlch is equi- 
distant from A, B, and C 

Draw LO, MO the perpen- 
dicular bisectors of AB, BC, 
and let them intersect in O 
• * LO IS the perpendicular 
bisector of AB, 

OA = OB , {Pi op 30 

and MO is the perpendicular bisector of BC, 

OB = OC , {Pi op 30. 

. . OA = OB =OC 

Hence a circle w'hose centre is O and radius OA will 
pass through A, B, and C 

Moreover, since the tno lines LO and PFO can 
intersect in one point only, therefore 

O is the only point equidistant from A, B, and C 
Hence one circle only can be drawn through A, B, 
and C. 

F 
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EXERCISES 


1 If two cii elcs 1 ave tht ee points common they coincide 

2 If front any point within a citcle three equal straight tines can he 
diawn to tin iticiimferenee, that point must be the centre of the ciicte 

3 Two t n cles cannot intersect in mot e than two points 

4 Proi e that the right bisectors of the sides of a triangle meet in the 
samt point 

6 With siiles 5 cm , S 4 cm , '3 6 3 cm draw a triangle and 

describe its circumscribing circle 

» 6 Given the arc of a circle, 6nd its centre «nu _ • >'i ete it 
» 7 With radius 2" describe a circle to pass through tno points 2 4" 

apart 

8 Show that a circle can be described to pass through the angular 
points of anj rectangle 

9 If two sides of a quadrilateral are parallel, and the other two are 
equal, a circle can be described to pass through its angular points. 


y Proposition 34 — ^Theorem 

^ In equal circles (or, in the same circle ') — 

(I ) ijf two ares subtend equal angles at the centres, they 
are equal, 

(II ) Conversely, if two arcs are equal, they subtend equal 
angles at the centres 

Let OP, CQ be two equal circles in which the arcs 
PP', QQ' subtend the angles POP, QCQ' respectuely at 
the centres O and C 

(i) If Z.POP^A.QCQ', 

then arc /*/*' = arc QQ' 

Place the circle CQ on the circle OP, so that C falls 
on O, then 

the circles are equal the circumferences will coin- 


-cide 
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Now bring C(2 into coincidence with OJ^ , then 
• jLQCQ’ =^/LPOP\ 

CQ' Hill coincide nith OP' ; 

• • C?> (2 coincide with P, P' rcspectivelj 



Hence the arc QQ' coincides with the arc PP* , 

. . arc PP' — arc QQ.'. 

( 11 ) If arc PP' - arc QQ'^ 

then /.POP'^^QCQ' 

Place the circle CQ on the circle OP^ so that C falls 
on O; then 

.* the circles are equal the circumferences Mill coincide. 
Again bring CQ into coincidence with OP, then 
*.• arc PP' = arc QQ', 

Q Hill coincide nith P' , 

CQ', OP’ Hill coincide. 

Hence ^.POP' ^QCQ' 

Proposhion 35 — TiinoRCM 

fn equal circles (pi, in the same ciicle ) — 

( 1 ) If two chords aie equal, they atf off equal arcs ; 

(fi ) Conversely, if two a/cs are equal, the choids of the 
arcs are equal 

Let PRP', QSQ' be tno equal circles whose centres are 
O and C respectively. 
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(1) If 

chord = chord QCXt 


-then 

arc PRP' = arc QSQ'. 


For, in 

As OPP', CQQ:, 



fOP = CQ, 

\Hyp. 


\OP‘=CQ\ 



VPP = QQ, 

im- 


As are congruent, 

[Prop. 13 

and 

Z.POP'==sLQCQ 


Hence 

arc PRP' = arc Q_SQ[ 

[Ptop 34 

(11) If 

arc PRP' = arc QSQ’, 


then 

chord = chord QQ’ 

arc PRP' = arc QSQ', 



APOP = eLQCQ' 

[Prop 34 

Again, 

in As OPP', CQQ[, 



OP = CQ, 

[Ifyp 


OP'^CQ', 

[Hyp 


,^POP' = /LQCQ, 

[Proved 


. As are congruent, 

[Prop 13 

and 

PP' = QQ!. 



EXERCISES 

1 Pro\e this proposition, ifter the minner of Prop 34, by super- 
poution 

S In equa’ elides, if t~vo dtoids aic equal, Ihc} cut off t-qucl segments 
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S It e: 's' frrVj, 'f /*.-? a- j c^c e:? it i Str'crs c:.n -^ed ty it t"- 

c-'i tf_r £2 * 

4. Tn=*' 2 '£s zic ittscriw-cJ in two equal c-rc cs such that two s'ces 
th;o"'cnre eqaal to two S’da; of U-e other, tech to each; pro.c that 
tre r rcrcairing rdes rjc oiio'cq^L 

5 FFC IS tre si^Trc''*' of a. dre^a o*' v h.ch C is tne chord ; pro-e 
tnat the nght-biseclcr o^j^C bisects me arc ABC 

6, Pro^e that two parallel chords o*' a circle intercept equal arcs 


‘^Propositiox 36 — ^Theorem 

(1 ) Equal chords of a arc/e arc tquldisiari from iJ e 
arfre , 

(li ) Cot'vsrcslj, cl ords of a circle that are equidistant from 
ire centre ate cqucl. 

Let AB, CD be chords of a crcle whose centre is < 7 . 

Draw OE OJfJ^AB, CD respective!}, and conse- 
<jtientiy bisecting AB, CD in E \Prof 32 



, . [ nypotenuse OAi = hypotenuse OC \Df 

s de A.L — S'de CI>T, \Hahcs of cq m ’c. 
. . 2^3 ere congment, i- 

ol=o:l 


Cine 
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(ii)If OL^OM, 

then * AB = CD 

In the right-angled As OAZ, OCM, 

f hj'potenuse OA — hypotenuse OCt 
I OL=OM, - {ITyp^ 

As are congruent, \Froj>. 14 

and AL = CM , 

AB = CD [Doudles of equals^ 

/ EXERCISES 

1 The locus of the middle points of all equal chords of a circle is a 
concentric ciicle 

2 Op any two chords of a aide the one 'toktck ts the greater is the 
neater to the ceniie 

3 Of any two chords of a aide the one which ts the marei to the 
centre ts the greater 

*-■''4 If two chords of a circle intersect one another, and be cqu'illj’" 
inclined to the diameter through their point of intersection, thej are 
equal 

5 Two equal chords are placed in a circle, end to end , show that 
they are equall) inclined to the diameter through their common point 

6 A chord whose length is 70?' is placed in a circle of radius 37" 
find the distance of the chord from the centre 

7 The length of a chord is 30", and its distance from the centre is S",. 
find the radius of the circle 

8 In a circle of radius 1 13 feet, a chord is drawn at a distance of 
15 feet from the centre , find the length of the chord 

9 Draw a circle of 4 i" radius, and place in it a chord S" long ; 
calculate, and check by measurement, the distance of the chord from 
the centre of the circle 

10 If two equal chords intersect within a circle, their segments are 
equal, the greater to the greater, and the less to the less 

Def — Any straight line which cuts a circle is called a 

secant 

Def — lAt a secant cut a arch in two faints P, Q; 


THE CIRCLE 


7J 

and let Q, travelling along the arcUy approach indefinitely near 
to Py then the ultimate position (PT) 
of the secant PQ is called tlK 
tangent at P 

The tangent therefore is a 
straight line which cuts a circle 
m two points which are so near P 
to each other that they coalesce 
into one 

Proposition ^7 —Theorem 

The tangent at any point of a aide and the ladius through 
the point are perpendicular to one another. 

Let P be any point on a circle whose centre is O, and 
let PT be the tangent at P, then 

OP A. PT 





Let T'T be a secant passing through P and cutting the 
circle again m Q 

. OP=OQ, 

Z.OPQ = L.OQP, \Ptop 11. 

Z-OPT* — iLOQT. [Supplements of equals. 
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Now, ■whate\er be the intenal PQ thiS result is alwaysi 
true, therefore it is true when Q approaches P and ultimately 
coincides with it 

In the last case PP becomes the tangent at P, and 
/LOPT^Z-OPT. 

Therefore OP J_ TT . 


EXERCISES 

1 At any point on the circumference of a circle, one, and only one, 
tangent can be drawn 

2 The perpendicular to a tangent, at the point of contact, passes 
through the centre 

3 Tangents at the extremities of a diameter of a arcle are parallel 

4. Find the locus of the centres of circles winch touch a given straight 

hnc at a given point 

C Two circles are concentric, and a chord of the outer touches the 
Inner , show that it is bisected at the point of contact 

6 A senes of equal chords are placed in a circle , prove that they 
are all tangents to a eoncentric circle 

7 Tangents are drawn at the extremities of a chord of a circle , 
^ow that the} mahe equal angles with the chord 

8 Draw a tangent to a cucle parallel to a gi\en line 

8 Draw a tangent to a circle perpendicular to a gi\cn line 

10 Draw a tangent to a circle making an angle of 60” with a fixed 
diameter 

Touching Circles — Draw two circles cutting one 
another as m the figure 

The line Cc, which passes through the centres of both 
curcles, is called the line of centres * 

The line PQ, which joins the points of intersection, is 
called the chord of intersection, and when produced 
both ways it is called the secant of intersection. Each 
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circle is sjmmctncnl about a diameter, hence it follows that 
the uhole figure is sjmmelncal about the line of centres, 
so that if the figure is folded about the line Cc one part 
exactly fits the other , 



In the folded figure the point -P\\ill fall on the point Q j 
it follows therefore that — 

Tite hre of antres ts the ferpendicttlar Insector of the 
£hord of intersection. 

Draw two circles, and cut them out carefullj, so that 
the circumferences are well defined Place one on top of 
the other as in (i) 

Now, keeping the small circle fixed, move the larger 
one towards the right into the position (2) During this 
operation the points /* and Q will be coming nearer and 
nearer to each other and the line of centres , and since PQ 
IS alwa)s bisected by the line of centres, they w’lll arrive 
together at that line as m (3), and coalesce into one 
point P. 
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Similarly, if the larger 
circle IS moved towards- 
the left into the position 
(4), the points P and Q 
•will approach each other, 
and finally coincide, as 
in (s), on the line of 
centres 

When the points of 
intersection of two arcles 
approach one another and 
coincide, the circles are 
said to touch one another 

In (3) the circles 
touch one another ex- 
ternally, and the centres 
are as far apart as 
possible 

In (5) the circles are 
touching internally, and 
the centres are as near 
each other as possible. 

The point P in both 
cases IS the point of 
contact. 

When the points of 
intersection of two arcles 
coalesce, the secant of in- 
tersection PQ becomes the- 
common tangent to the 
two aides at their point 
of contact. 
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Proposition 38 — ^Theorem 

If two circles touchy the point of contact lies on the straight 
line through the centres 

Let two circles ^\hose centres are O and Cf touch at jP, 
then 

Ot P, Cf are m the same straight line. 




Let PT be the common tangent to the circles at P, 
draw the radu OP, 01 P through the point of contact , then 
Z.S OPT, O’PTuxt^ rt Z.s, \Prop 37 
. . O, P, O' are in the same st. line \Prop 2. 


EXERCISES 

1 If t’vo nrs/es touch one another exlemally, the distance between 
ihetr centres is cqitai to the sum of their radii 

2 With radu ij" and i describe two circles touching one another 
-externally 

% 3 If two elides touch one another internally, the distance between 
iheir cetdres is equal to the difference of their radii 

4 Witli radii 3 cm and 5 cm describe two circles touching one 
nnothcr internally 

6 With radu of i, 2, and 3 inches desenbe three circles, each touch- 
ing the other two e\tem'ill> 

C What IS the locus of the centres of circles of radius r which 
touch externally a fixed circle of radius R ? 
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7 What IS the locus of centres of circles of radius r which touch 
internally a fixed circle of radius Rl 

8 Find the locus of the centres of circles which touch a given circle 
at a gi\en point 

9 Two circles of radii and touch one another externally; 
describe a third circle of radius 3 to touch the other two (1 ) externally 
and (11 ) internally 

10 Two circles of radii 2" and 3” touch one another externally; 
describe a third circle of radius 5" ta be touched by both internally 

11 Find the locus of the centres of circles which touch a given 
straight line at a given point 

12 Describe a circle aihich touches a given straight line at a given 
point and has its centre on another given straight line 

13 Describe a circle which touches a given circle at a given pointr 
and has .ts centre on another given circle 


Proposition 39 — ^Theorem 

Tht. nvhtch an arc of a arcle subtends at the centre 
ts double that which it subtends^ at any point on the remaining 
pait of the circumfeience 

Let AB be an arc of a circle whose centre is O, and let 
jPbe any point on the remaining part of the circumference , 
then 

Z.AOB^^A.APB 

P P 



Join PO and produce it to X 
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Then AO = PO, 

A.OAP=A.OFA [Proj>. ii. 

But ext AAOX = A.OAP ■¥ A.OFA I \Frop 7, Cor. 

/L40X= z/LOFA 
Sunilarly, ILBOX=zjLOFB 

Hence ABOX±A.AOX^ z[A.OFB ± A.OFA). 

For the first fijjure take the upper sign, then 
A.AOB=-z/LAFB. 

• 

For the second figure take the lower sign, then 
ALAOB = z/LAFB. 

For the third figure take the upper sign, then 
A.^B = zAAFB 

Note.7~Thc spnbol placed over AAOB indicates 
that, of the two angles made by OA and OB at the point O, 
the one which \% greater than two right angles is to be taken 
An angle greater than tw’o right angles is sometimes 
called a reflex angle. 

The reflex angle AOB in the third figure is marked 
with a dotted arc. 


Proposition 40. — ^Theorem 



(i ) Angles tn the same segment of a chcle are equat, 
and (11 ) If the line joining two points subtends equal angles 
at two other points on the same side of if, the four 
points he on a cttcle. 

(i) Let AFB be a segment of a circle whose centre 
is O, and F any point on the arc of the segment , then 
for ail pos’tions of F on the arc the magnitude of the angle 
AFB IS the same. 
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For, wherever be the position of 

^PB = hjLAOB \Prop 39 

Hence / A PE is constant for all positions of P on 


the arc. 



(11 ) Let A, B and jP, Q be four points such that 
jLAPB^AAQB, 

then A, B, P, Q he on a circle 

A circle can be described to pass through APB 

[Prop 33. 

If this circle does not pass through Q, let it cut AQj ot 
AQ produced, in B 
Join BP 

Then Z.s APB, APB are in the same segment 
AAPB^jLAPB 

But AAPB^A^QB \Hyp. 

AAPB = /LAQB 

But this is impossible, for one of these angles is an 
extenor angle of the triangle BPQ, and the other is an 
interior opposite angle \Prop 7, Cor 

Hence the circle through A, B, P must pass through Q, 
Def — Four or more points which are such that a 
circle can be made to pass tlirough them are said to be 
concyclic. 



THE CIRCLE 79 

Def. — A quadniatenil which can be inscnbed in a 
<arcle is called a cyclic quadrilateral. 

EXERCISES 

X. If c £neu stra^rt lire suhta’d equal crgles at any t xtmcer of 
■points on the sen e side of it, all these fetrts are eonejelte 

2. The Ic^us cf a ti'i t on oi e sue of agtzen straight line at -vhiek 
that lire sullei ds a constant angle is an arc of svhich tint line is the 
chord. 

3 The lose ai d vertical angle of a triangle ieirgyven, the loats of 
the I ertex is a segirenl of a circle 

4 Tte internal lisector of an ang'e a* the cirnm ference of a circle 
e se<.ts tie are on •vl.ici it stan-^s, and the external bisector bisects the arc - 
cf tre segment 'zl.icn ccr'cirs tl e angle 

5 Ghen the IxL-e ami %ertical nngle of “i IriangTc, pro\e that the 
internal and cxte'nal Insectors of the ^trtlcal angle p-.ss through fixed 
points. 

6 AOB, COD a'e two in’crsscting chords of a arcle; pro\e that 
the triangles OA C, OBD arc cqu'ingalar 

7 Giit'i three points on the ciroimference of a crcle, find a fourth 
wtboiit finding the centre. 

8 In an aaite angkd triangle perpendiculars are drawTi from two 
.of the angular points on the opposite sidc^; prme that the fuet of the 
perpcmiv-ulars and these two angular points are conciclic. 

9 Jl'lat does tl is pio/esition become svlen P coinetdes with B or Al 


Proposition 41. — ^Theorem 

(i ) Tlie angle ir a semicircle is a right angle ; 

(ii ) Tlvt angle tn a segment greater than a semicircle is 
less than a right angle , 

and (ill) The angle in a segment less than a semicircle is 
qrcater than a right angle 

Let APB be the segment of a circle whose centre is O 
l.et APB., the ar:.fe in the segment, be dcnc.ed by P^ and 
AOB, the cc*Tcsponding angle at the centre, ne denoted 
Joy C 
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Then, ■v\!ntever be the size of the ccgmcnt, 

^JP=h^O [Prop 39 

P P 



(i ) ‘When the segment is a semicirde, 

jLO = 2 rt Z.S , 

•. rt Z- 

(ii ) When the segment is greater than a semicircle, 

/L0<2 rt Zs, 

. /LP< a rt Z. 

(iii ) tyhen the segment is less than a semicircle^ 

Z 0>2 rt Zs, 

Z.P> a rt Z 

Cob — The circle described on the hypotenuse of a light- 
'' angled tnangk as diameter^ passes through the right angle 


Proposition 42. — ^Theorem 

(i) opposite angles of any quadrilateral inscribed 
xn a arcle ere supplementaiy , 

(11) Convex sely, if the opposite angles of a quadrilateral 
are supplemental y it can be inscribed in a circle 

(1 ) Let ABCD be a quadrilateral inscribed in a circle 
whose centre is O , then 

Zs Ay C and Zs B, D are supplementary. 
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For Z./? = 2Z^, 

and ZS = 2Z/? , \Prop 39 

. . Zy5 + ZS = 2Zi?7-^2Zi? 

But Zy 3 + Z^=4rt Zs, \Prop i, Cor 

.* Zi? + ZZ 3 = 2 rt Zs 
Similarly, ZZ + ZC = 2 rt Zs 



(u ) I et AJBCD be a quadniateral in which the angles 
D arc supplementary , then a circle can be described 
to piss through Z, B^ C, D 

A tirdt, c^m be described to pass through Z, B, C 

\Ptop. 33 

If this circle does not pass through D it will cut AD^ 
or Ad produced, in some point E 
Join CE 

Ihen . ABCE is a cyclic quadrilateral, 

AAB C + A.CEA = 2 rt Zs \Ptoved 

Bit AABC+ ^EDC= 2 rt Zs, \A^yp 

• jLCEA=Z.EDC, 

but this IS impossih’c, for one of these angles is an exterior 
angle of the triangle EDC, and the other is an interior 
opposite angle. 

G 
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Hcnccthe circle through A, Cmust pass through 

Cor I — 1/ a side 
of a (ychc quadnlaierdl 
be f reduced, ike exterior 
angle is equal 1o the in- 
tenor opposite angle 
(d-DCX^cLBAD) 
Cor 2 — If when 
one side of a q tadnlateral 
IS produced, the exterior 
angle is equal to the interior opposite angle, the quadrilateral 
ss cyclic 



EXERCISES 

1 Circles are described on t%o adjacent sides of a triangle as 
4iatnctets , iwo%e tliat they intersect the third side in the same point 

2 The perpendiculars AD, BE to the sides BC, CA of the triangle 
ABC mtecsact m /*; proie that PDCEix a cjchcquadniatcral 

3 The sides ,1B, CD of a cyclic quadrilateral ABCD arc produced 
to meet in O , proae that OAC, OBD arc equiangular triangles. 

4. A triangle is inscribed in a circle , prove that the sum of the 
angles in the e\tcrior segments cut off by the sides is equal to four 
-nght angles 

fi t2\cty rectangle is a cyclic quadrilateral 

C The sum of the three alternate angles of a cyclic irregnlar hexagon 
IS equal to four right angles 

7 In a cyclic hexagon two pairs of opposite sides are respectively 
parallel to each other , prove that the remaining pair of sides are also 
parallel 

8 The non parallel sides of a cyclic trapezium are equal 

9 I he circles desenbed on the sides of a rhombus as diameters all 
pass through the same point 

10 What does this proposition become if two angular points of the 
quadrilateral coincide ? 

11 1 he sum of the angles m the four segments of the circle extenor 
to a cyclic quadrilateral is equal to six right angles. 
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Proposition 


43 — ^Theorem 


o|' 




Jf a siratght line touch a aide, and from the point of 
contact a chotd be dtawn, the angles which this chord makes 
with the tangent are equal to the angles in the alternate 
segments 

Let the line TPT touch the circle PARE in the point 
P, let PR be a chord 
drawn through P, and 
let A and B be an) two 
points on the segments 
made PR Then 
ARPT = cLRAP 

and ARPT=^A.RBP. 

\ 

Let XX' be any line 
passing through P and 
meeting the circle again 
in Q 

Then wdiatever be the interval PQ, 

A.RPQ = AJRAQ [Prop 40. 

Now let the line XX' revolve round P, so that Q. 
approaches P and ultimately coincides with iL Then XX' 
will coincide with the tangent TT', 

\ Z.RPT' = ARAP 



In the same manner we can prove that 
ARPT=AJiBP, 


EXERCISES 

1 If ikiottgh an extremity oj a chord op a circle a straight line be 
di awn, such that either of the angles it makes with the chord ts equal to 
the angle in the alternate segment, the straight line is a tangent to the circle 

2 The chord joining the points of contact of parallel^ tangents to 3 
circle IS a diameter 
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3 If tvro ttnight lines be drann through the point of conlict of two 
touching circles, the chords joining their extremities ire psnllcl 

4. Fro\c that the tangents at the extremities of the chords in Ex. 3 
are panllcl, two by two 

6 If twro circles touch infcrmllj, or cxtcmnllj, any line drawn 
through the point of contact will cut off similar segments 

C A straight line BC is drawn parallel to the base EC of the 
triangle ADC, meeting the sides in B and C Prove that the curcum- 
■circlcs of the triangles ABC, ABC touch one another at A 

7 The diagonals of the parallelogram ABCD intersect in E , prove 
that the circunicirclcs of the triangles BBC, BAD touch one another e!iE 
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\, chords of a circle intersect either inside or outside 

the arcle the lectaug/e contained by the farts of the one is 
equal to the rectangle contained by the farts of the other 
Let the chords PQ, P'tf of a circle, tthose centre is C 
and radius r, intersect m the point O I'hcn, whether O 
be inside or outside the circle, 

OP OQ=OP' 0 (f, 

Draw CL perpendicular to PQ, then 

PL= QL \Piaf 32 

Join CP, CO 




(1 ) When the point O is inside the circle, 
OP OQ^iPZ- bz)iPZ+ OL) 
= PZ^-OZ^ 


\Prof 26 
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= {PD- + CD) - {OD + CD) 

~i^—OCK 27 

Similarly, OD, OQ — P-— OD 
.* OP OQ^OD.OQ 

(li ) When the point O is outside the circle, draw OT a 
tangent to the circle, and 30m CT 1 ben 

Z.t?jrCisart Z. \Ptoj^ 37. 

We have 

OP 0Q = {0L-PZ){0L + P1) 

^OD-PD \Prop. 26 , 

- {OD + CD) - {PD + CD) 

= OC'--i~, \Prop.zi. 

OP OQ=^p,C^ CD ^ 

Similarly, ^O^ = O^T- , 

OP OQ^OD OQ' 

Cor I — If from any point without a circle a secant and , 
a tangent he drawn to the arcle, the lectangle contained by -Jf 
the secant and its exUrnal segment is equal to the square on 
the tangent. 

{OP OQ=OD) 

Cor 2 — Jf from any point without a circle two straight' 
lines be di awn, one of which is a secant, and the other meets 
the circle, and if the rectangle contained by the secant and its 
external segment be equal to the square on the line which 
meets the circle, that line is a tangent to the circle. 


EXERCISES 

1 If tii)o langenU to a circle be drawn from the same point, tkiy are 
equal 

2 If from any point, on the common chord of two mterseiting circles, 

tangents can be drawn to the circles, these tangents are equal , 
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3 If the tangents from any point to two tntet secttng en ties are equal, 
the point lies on the common chord of the circles 

4 . The locus of points from which tangents drawn to two inter- 
secting circles ate equal consists of two portions of tl eir lomn on ehotd 

6 The common chord of two intersecting circles bisects both their 
common tangents 

6 The common ehotds of three intersecting circles, lalen two and 
two, pass through the same point, 

7 If pom any point on the tangent to two touching circles at their 
point of contact tangents be diawii to the circles, these tangents aie equal 

8 If from a ly point on the common chord produced of wo intei secting 
circles two sceaits be drawn, one to each circle, tleir four points of 
intersection are concyelte 

9 ^Vh'it IS the nrea of the rectangle contained 1>> the segments of a 
chord drann through a point 2 4" distant from the centre of a circle 
whose radius is 2 5'? 

10 What IS the area of the rectangle contained hy the segments of 
a chord draivn through a point 1 A 3 in distant from the centre of 
a circle of radius i ft S in ? 

11 In a circle of radius r a chord is drawn through a point within 
the circle who<’e distance from the centre is c , shoii that the area of 
the rectangle contained hy the segments of tlic chord is 

12. The radii of U\o circles arc 5" and 12", and the distance between 
their centres is 13* , find the length of their common chord 

13 The radii of two circles are a and b, and the d siance between 
their centres is c , show that the length of their common chord is 

4Vj(s-a)(f-^)(f-c) 

c 

where 

MISCELLANEOUS QUESTIONS AND 
EXERCISES —III 

1 DeRne a circle 

Show that a circle is symmetrical about any diameter 

2 Find the centre of a given circle, and show that a circle cannot 
have more than one certre. 

3 Show that the nght-bisectors of the sides of any recUhneal flgure 
inscnbed in a circle all pass through the same point 
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4 The distance bct^seen the centres of U\o intersecting circles is 
less than the sum of their radii and greater than their difference 

6 If through one of the points of intersection of two intersecting 
circles a straight line be drawn parallel to the line of centres, and 
terminated b} the circumferences, its length is tHice the distance 
between the centres 

6 The line joining the middle points of anj tuo parallel chords of 
a circle passes through the centre 

7 Equal chords of a circle which arc co tcrminous are equally 
inclined to the radius through their common jioint 

8 Enunciate and proie the coniersc of E\ 7 

9 Proie that if the radii of 1110 circles are equal thei are equal in 
eiery respect 

10 Explain what is meant bj the angle subtended by an arc (1 ) at 
the centre, (11 ) at the circumference of a circle 

11. A chord of constant length slides round the circumference of a 
given circle ; proie that 

(i ) the locus of Its middle point is a circle , 

(11 } it touches a circle , 

and (ill ) the locus of a point fixed in the chord is a circle 

12 A chord of length 2c is drawn in a arcle of radius r , find its 
distance from the centre. 

13 Two equal chords are placed in a circle , prove that a concentric 
circle which cuts them wall make equal intercepts on both 

14. What IS the shortest chord which can be drawn through a given 
point wathin a arcle ? 

15 If chords of a circle be tangents to a concentric circle thej are 
equal 

16 TT’ IS a common tangent to two circles whose centres are 0 , d 
respectively , prove that OT, O’ T' arc parallel 

17 If one circle lies entirely inside another without meeting it the 
difference between their radii is greater than the distance between their 
centres 

18 If one circle lies entirely' outside another wathout meeting it the 
sum of their radii must be less than the distance betw ecn their centres 

19 With radii 2 3" and I 6" draw two circles to touch one another 
externally 

20 With radii 3 5 cm and 4.8 cm draw circles to touch one 
another internally 

21 With radii i 5', .,f, and i 8" draw three circles, each touching 
the other two externally 
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'22 Pro\e that the chord of *i circle dnwn through tlie middle point 
of another chord cannot be lesser than that chord 

23 Proic that the longest chord in a circle is a diameter 

24 Draw two intersecting circle^ radii 2 and 3 in , nhosc common 
chord IS 1 in 

26 With radii i S' and 2 7* dram two intersecting circles mhose 
common chord is the greatest possible 

26 Find the locus of the middle points of all chords of a circle 
passing through a point on Us circumference 

27 Find the loais of the middle points of all chords of a circle 
drawn through a gi\cn point within it 

28 From a gnen point without a circle secants are drawn to the 
circle , find the locus of the middle points of the portions of the secants 
intercepted by the circle 

20 From di(rereiit points on the circumfersnce of a circle tangents 
of equal lengths are drawn , And the locus of their extremities 

30 Straight lines joining the opposite cxtrcmitus of two parallel 
chords of a circk intersect on the dianctcr which bisects the chords 

31 The radius of the circle circumscribing the triangle ARC is 
given, and the angle A is also given , show that the side opposite the 
angle A has a determined length 

32 If from any point in a crcular arc perpendiculars be let fall on 
the radii to its extremities, the line joining the feet of these perpendicu- 
lars will be of invariable length 

33 If two chords of a circle bisect one another they must be 
diameters 

34 Circles arc described on the two equal sides of an isosceles 
tnanglc as diameters , prove that they intersect at the middle point of 
the third side. 

36 In the base RC of the triangle ARC a point P is taken, such 
that the angle APC is equal to the angle RAC , show that CA touches 
the circle circumscribing the triangle ARP 

36 If the diagonals of a trapezium are equal its angular points arc 
concyclic 

37 111 a cyclic o jadnlateral the bisectors of any angle, and of the 
opposite exterior angle, intersect on the circle arcumscribing the 
quadnlateral 

38 One side of a tnangfe ts equal to one ,tde of another, and the 
an^es opposite to these sides are supplementary , prove that the ctreles 
areumsenbrng the two trtan^es are equal 

89 In the triangle ARC the perpendiculars from R and C on the 
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opposite sides intersect in /*; show that the orcics circumscribing the 
triangles ABC, PBC are equal 

40 In how many points can two circles cut one another? 

"Whj cannot two touching circles haic anv other common point? 

41. Define an^^e in a segment and similar sepnents 

Gi\c examples of angles which are greater than two right angles 

42 A ladder graduall} slips down a wall, find the locus of its 
middle point 

43 Draw a chord of a cirdc, whose length is equal to twice its 
rlistancc from the ccntic. 

44 Draw a chard of a circle, whose distance from the centre is equal 
to half the length of the radius. 

45 The opposite sides of a cyclic quadrilateral arc produced to 
meet Proie that the bisectors of the two angles so formed are at 
right angles to one another 

4G A series of nght>anglcd triangles arc desenbed on the same 
hypotenuse , find the locus of the acrtices of the right angles 

47 Find the locus of a point which moies so that the sum of the 
squares of its distances from two fixed points is constant 

48 Through the point of contact of two touching circles a straight 
hne IS drawai to cut the arcics again in two points , prove that the radii 
drawn to these points arc parallel 

49. If the diagonals of a cyclic quadrilateral arc at right angles, the 
perpendicular from their intersection on any' side, being produced, 
bisects the opposite side.'— Brahmagupta's Theorem 



PROPORTION 

Ty-BX — When hvo quantiites of the same kind ate such 
that a unit can be found which measures each of them 
exactly, the two quantities arc said to be commensur- 
able 

Thus if A and B be ti\o lengths, and v a unit of length 
such that 

A = mu and B = nu, 

■yhere m and n are integers, then A and B are said to be 
commensurable. 

Def — Two quantities which are not commensurable are 
said to be incommensurable 

Def — ^The ratio of A to B is the number of times 
{whole or ft actional) that B is contained in A 

Thus if A and B be two commensurable quantities, such 
that A — mu, B = nu, the result of division may be ex- 
pressed as 

A _m 
B~n 

Hence the ratio of two commensurable quantities can 
be expressed as a fraction whose numerator and denomi- 
nator are integers In what follows we shall only deal 
"With commensurable magnitudes 

go 
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Dlp — Fottr quantities A, jB, C, D are said to he pro- 
forttonah sohcn 


A_C 
B~ D 


That IS, when the ratio of the first quantity to the second 
IS equal to the ratio of u.e third to the fourth, thp four 
quantities are proportionals 

We expect the student to be already famiuar with the 
properties of proportionals, such as the following : — 


If 


A_C_ 
B Z>’ 


then 


A C 
A+B^ C+D* 


and we shall quote these without further proof. 


Proposition 45 — Theorem 

f 

(I) Jp a straight line is drawn parallel to one side oj a 
triangle, the other two sides are divided proportionally 

(II ) Conversely, if a straight line divides two sides of a 
inangle proportionally, it is parallel to the third side 

(1 ) Let PQ be a st. line drawn || to BC, a side of the 
. AABC, meeting AB, AC in 
P, Q respectively , then 
^^AQ 
PB QC 

Let AB be divided into 
n equal parts, of which 
AP contains tn and PB con- 
, tains n , then 

• — 

PB ^ rt‘ 
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Through the points of division draw parallels to BC. 
PQ will be one of these parallels 
The parallels will divide A C into m + n equal parts 
(Prop 19), AQ containing m and QC n 

QC~n 


Cor. 

(11) Let the line 
/*, Q so that 


* PB QC 
AP AQ 
AB~ AC 

PQ meet the sides of £sABC ir 


AP AQ 
PB~'^ 


or, which IS the same thing, 


^ 49 : 

AB~ 


then PQ is || to BC 
For, if PQ is not 


to BC, let P(y be 
AP AQ' 

AB AC 


to BC, then 
[Par/ (i ), Car. 


But 


AP AQ 
AB AC" 


. ^_AQ 

AC~AC 

Hence Q, Q' are the same point 
Therefore PQ || BC 




EXERCISES 

1 If through the middle point of a side of a triingle a straight line 
he drawn parallel to the bise, it will bisect the other side 

2 The straight line joining the middle points of two sides of a 
triangle is parallel to the third side. 
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3 In the figure of this proposition, if the panllel PQ, cut AB^ AC 
produced in Pt Q respcctucly, then 


AP AQ , 

- 7 rr.= and the con\crsc 
J‘B Qi. ’ 




Show tint the *ilxj\c proof iTn\ lie read with the new figure 
4 If the pinllel PQ cut B.l, CA produced through the \crtex in 
P, Q respcc.ivcl}, th»n 


PB~QC’ 


ind the converse 


Shoiv that the came proof applies to this figure also 
6 P/’e iftlercefts 'uhtc! three j'aralUt stratgf t Itnes make en atty two 
Ttrat^/’t Itnti at e fro^rttenrl 

6 A parallel to the parallel sides of a trapezium divides the non- 
parallcl sides p'oportionall). 


♦ 
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Def — Similar rectilineal figures are equiangular 
to one another^ and tltetr sides about the equal angles are 
proportional 

Let the two figures ABCDE and abcde be similar , 



then the angles A, B, C, D, E taken in order are equal 
respectively to the angles a, b, c, d, e taken in order , and 


AB ^ BC CD DE EA 
ab be cd dc ~ ea 


Thus if the side AB be 


double of ab, then every side of the first polygon will be 
double of the corresponding side of the second polygon 
Again, if AB ab 32, 

then BC be 3 2, and so on 

We see, then, that similar figures must have (i) their 
angles equal, and (2) the ratios of their eorresponding sides, 
which he between pairs of equal angles, also equal 
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In what follows we shall show that in the case of a 
tnangle when one condition of similarity is satisfied the 
other follows 

Def — fn equiangular U tangles the sides which are | 
opposite to the equal angles aie called corresponding I 
sides. ’ 

Thus if ABC, PQR are two equiangular triangles, in 
which the angles A, B, C are respectively equal to the 
angles P, Q, P, then 

{BC, QP), (CA, PP), and {AB, PQ) 
are pairs of corresponding sides. 

Proposition 46 — ^Theorem 

Ij two inangles are equiangular their corresponding 
sides are proportional 

Let ABC, PQR be two As, such that Z.s A, B, C— 
A.S P, Q, P respectively ; then 

PQ QP PP 
AB~ BC~ AC 

AP 



Place P^PQP on /S.ABC so that the AP falls on the 
■equal AA, and the corresponding sides PQ, AB are in the 
same direction. 
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OTvjk drawn to the circle; prove that the tnangles OAT, QBT are'^ 
similar, and hence obtain the equation ^ 

OA OJS=OT=. 

6 Ift eqmangtilar in angles the Icrpcndtculars dtawn from the 
an^es on conespondtng sides are pi opart tonal to those sides 

7 AH parallels drawn to the base of a triangle, which are ienninated 
by the sides, are bisected by the median to that base 

8 The penmeters of equiangular tnangles are propoilionat to their 
corresponding sides 

9 On a base 3" long draw a triangle ABC, liaMng /IjB—fxS’ tovSl 
AB=2 s"; from a point jPm AB, distant i"from A, draw a parallel 
to BC and calculate its length 

10 A man 6 ft m height has a shadow li ft in length, and at 
the same time the shadow of a tower is 143 ft in length; find the 
height of the tower 

11 The sides containing the right angle of a right-angled triangle 
are 24 ft , 143 ft respectively , find the length of the perpendicular 
from the right angle on the h}potcnusc. 

Proposition 47. — Theorem 

If tlie three sides of one tt tangle ate froportional to the 
three sides of another the tnangles are equiangular. 

Let ABC, PQR be two As, such that 
AB^BC _AC^ 

PQ~ QR PR' 
then the triangles are equiangular. 

Let /LSQR = d-B and A.SRQ = A.C , then As QRS, 
ABC are equiangular ; 

**• QS QR' 


\Prop. 46. 
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Similarly, SR = PR 

Also Q.R IS common to the As PQR-t SQR , 


A 



P 



V 

s 


.* As PQ,R, SQR are congruent and equiangular 

\Prop 13. 

But As ABC, SQR are equiangular , 

As ABC, PQR are equiangular 


Proposition 48 — ^Theorem 


If tibif triangles have one angle '>f the one equal to one 
angle of tlie other, and the sides about *hese equal angles pro- 
portwnal, the triangles are similar 

Let ABC, PQR be two As such that 
A.P=AA 


and 


AB~ AC’ 


f^then the As are similar 

^lacc the tsPQR on the IS.ABC so that P falls on 
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A and Q lies on AB, or AB produced ; then since the 
Ar P and A are equal, R will he on AC 



and 


im- 

.* Q^^jffC; 45 . 

. . /L.Q = AJB, 
iLR=zA.C, 

\Corresponding angles. 

As PQR^ ABC are equiangular and similar. 


EXERCISES 

1. The sides of two triangles are i 2", i 4", i 5^, and l.S’, 2 1", 2.25" 
respecUvelj , draw the triangles and prove that they are similar 

2 Draw two triangles ABC, A'B'C', having given <1=2“', b=i 6 ", 
C=75®, a'=i 5", h'=i 2", C'=75“ Prove that the triangles are 
similar 

3 The 30ms of the middle pomts ot the sides of a triangle form 
another triangle similar to the gi^en tnangle 

4 . In Ex 3 prove that the remaining three triangles are also similar 
to the given triangle 

/ 6 In the isoscelK triangle ABC the base AB is produced both 
^ys to P and Q, so that AP.BQ—AC-’, prove that the tnangles/ 
{PAC, are similar 

6 The perpendicular drawn from the vertex of a tnangle on the 
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base IS a mean proporlional between the segments of the base , prove 
that the triangle is right-angled 

7 The diagonals of a quadrilateral cut one another in the same 
ratio , prove that the quadrilateral has two sides parallel 

8 Find the locus of a point which moves in such a way that of the 
perpendiculars drawn from it to the sides AB, AC oi ^ triangle, the 
first IS always twice as long as the second 


\ Proposition 49 — ^Theorem 

u; 

The internal bisector of an angle of a triangle divides the 
opposite side internally in the ratio of the sides containing the 
angle, and likewise the external bisector externally 

Let AD be the bisector of the AA of the fsABC , 
Ihen, according as AD is the internal or external bisector, 
It will meet BC or BC produced in some point D 
In either case 

BD AB 
DC AC 



Draw CJ2 j] DA, cutting BA produced, or BA, in R 
Then, AD || CR, 

Ad = Ad, [Corresponding angles 
A-jS = A/y [Alternate angles 
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Again, in 


, 

.*. AR = AC. 

’ .* AJD 1 } CR, 
BD BA 
*‘* jDC~AR’ 
BD BA 
•** DC AC 


\Byp 

\Prop 1 2. 


\Prop 45. 


EXERCISES 

1 Enunciate and prove the convene of this proposition 

2 What docs the second part of the proposition become when 
AB-ACt 

3 Draw a triangle n iih sidts 5 cm , 6 cm , and 7 cm , calculate the 
lengths of the scgnicnts of the longest side made by the bisector of the 
opposite angle 

4 In E\ 2 find the segments of the base made by the bisector of 
the opposite cxtcnial angle 

6 In the triangle ABC find the lengths of the segments of the sides 
made by the internal bisectors of Us angles 

6 In the triangle ABC the bisector of the exterior angle at A meets 
BC in 0 ’ , proic that 

B 0 '=—., CO'^-^. 

c-b c-b 

7 In the triangle ABC the internal and external bisectors of the 
angle A meet the side BC in O and O’ respectively , prove that 

^ 2abe 

8 The median AD bisects the base of the triangle ABC m D; 
DB\ DC’ are drawn bisecting the angles ADB, ADC respectively, 
and meeting the sides AB, AC m B’ and C ’ ; prove that B’C' is 
parallel to BC 

‘ Proposition 50 — Theorem 

The ratio of the areas of similar tiiangles ts equal to ike 
ratio of the squares on corresponding sides. 
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JijeX ABC, PQR be two similar As having the As 
B\ C=AAP, Q, P respectively, then 
AABC_B(? 

QP? 


A 




Let AL, PT\>t _L to BC, QR respectively 
Then As ABL, PQT are equiangular , 


Also 


AL AB BC 
♦ pT- PQ QR 
AABC \AL BC 
APQR~IpT QR 
BC^ 

~ QR^ 


[Pro/ 46^ 

[Prop 21 , Cor 2. 


EXERCISES 

1 Similar triangles which are equal in area are equal in all 
respects 

, 2 If the areas of two similar triangles be as 4 i, show that the sides 

' of the one are double the corresponding sides of the other 
• 3 With sides 2 4*, 3", 3 2”, and 3 6", 4 8", 4 5" respectively, draw 
two triangles and compare their areas 

4 If one of two similar triangles has its sides 5 per cent longer than 
the corresponding sides of the other, compare their areas 

6 Jwo isosceles triangles have equal vertical angles, and their areas 
have the ratio of 9 16 , compare their heights 

6 A field IS represented on a map by a triangle whose area is 
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1 sq m ; if the reprcsentatire fraction of the scale to which the map j 
IS drawn he find the area of the field in square yards 

7 On the sides of any right-angled triangle equilateral triangles are 
described , proie that the sum of the areas of the tnanglcs described 
on the sides containing the right angle is equal to the area of the 
triangle described on the hypotenuse 

8 The areas of similar triangles are to one another as the squares or 
their corresponding altitudes. 

3 The areas of similar tnanglcs arc to one another as the squares of 
their corresponding medians 

10 If in Ex 7 for “equilateral tnanglcs” we substitute regular 
pentagons the theorem is true 


MISCELLANEOUS QUESTIONS AND 
EXERCISES —IV. 

1 What are eommtmurabte magnttudes’i Show that the ratio 0/ 
t« o commensurable magnitudes can be expressed by means of a fraction, 
whose numerator and denominator are integers Give an example of 
tno lines whose ratio is not commensurable 

2 How many conditions are necessary' to define similar rectilineal 
figures of more than three sides ? 

3 Under what circumstances arc two triangles similar ? 

4. Draw a triangle ABC, in which the sides opposite the angles- 
4, B, C are 4 S', 3 6", and 2 4" respcctiiely , from a point D in AB 
distant I 5" from A draw the line HE parallel to BC, meeting AC in 
E Find the lengths of DE and EC 

B In the tnanglc of E\ 4 the parallel to AB drawn through E 
meets BC in F , find EFnn^ FC 

6 In the triangle of E\ 4 a line is placed between AB and AC 
parallel to BC, whose length is 3 6" At what distance from A does 
It cut the side ABl 

7 In the triangle of Exs 4 and 5 DR is drawn parallel tb AC, 
meeting BC in R and cutting EF in O , find OR 

8 The sides BC, CA, AB of a triangle are bisected in D, E, F 
respectively ; AD, FE intersect in O , prove that AD and FE bisect 
one another at 0, and that OF—i, DC 

9 In the JIgure of Ex S, f the medians CF and AD intersect in G, 
prove that G is a point of trisect ton of both medians, and hence prav' 
that the three medians of a triangle pass through the same point. 
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10 In the figure of the last exercise prove that the triangles GBC, 
GCA, and GAB are all equal, and each is equal to one-third of the 
triangle ABC 

11 ABC, DBC arc two equal tnangles on the same side of the base 
SC , show that tlic sides of tnese triangles will cut off equal intereepts 
on any parallel drawn to BC 

12 The sides of one triangle are rcspectnely perpendicular to the 
sides of another, each to each , prove that the triangles are similar 

13 CA, CB arc equal sides of an isosceles triangle, if the right- 
bisector of CA meet AB produced in D, prove that AC is a. mean 
proportional between AB and AD 

14 In the quadrilateral ABCD, if the bisectors of the angles A, C 
intersect in the diagonal BD, then will the bisectors of the angles B, D 
intersect m the diagonal AC 

16 Consider iwo similar reetilineal Jtgnres ABCD, A' If Clf tn 
which the angles, talen in the order in which they are written, art 
equal and the sides about the equal angles proportional , 




Take any point O within ABCD and join OA, OB On A'ff 
describe the ti tangle O' A' B equiangular with the triangle OAB 

Prove that if lines be drawn from O and Cf to the remaining vertices 
of the two figures, the two figures will be divided into the same number 
of corresponding similar triangles 

16 The ratio of the areas of two similar rectilineal figures is equal 
to the ratio of the squares on corresponding sides 

17 Two quadrilaterals are similar, and their corresponding sides arc 
in the ratio of 4 S , compare their areas 

18 The radius of one circle is double that of another , compare the 
areas of regular hexagons inscribed in them 

19 Compare the areas of regular hexagons described in and about a 
given circle 

20 In and about 1 given circle squares are described , compare 
fheir areas 
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21. On the sides of a nght>angled tnangle three regular hexagons 
iire described , prove that the sum of the areas of the hexagons on the 
«des containing the nght angle is equal to the area of the hexagon on 
the hjpotenuse 

22 Gi\en two regular hexagons, construct another hexagon whose 
area is equal to the sum of the areas of the given hexagons 

23 On bases 5 2 cm and 4.8 cm draw two equilateral tnangles, 
and construct a third eqmlateial tnangle whose area is equal to the 
-difference of the areas of the two tnangles. 

24. On the sides of a nght-angled tnangle regular poljgons of the 
same number of sides are descnbed , prove that the sum of the areas 
of the polygons on the sides containing the nght angle is equal to the 
area of the polygon on the hjpotenuse. 

25 In the tnangle ABC, AB=2ACi the bisector of the angle A 
meets the opposite side in L> , BE and BE are drawn parallel to the 
^ides meeting A C and AB in E and F, prove that AEBF\% a rhombus. 

26 Two tnangles which have their sides parallel, each to each, are 
amilar. 

27 The penmeters of similar polygons are proportional to their 
corresponding sides 

28 If any point O he joined to the vertices of a tnangle ABC, and tj 
on the straight lines OA, OB, OC points A’, B', C be taken, so that 

OA'_OB' OC_ 

OA ~OB~OC~”* 

n being any given number , then the tncmgle A'B'C' will be similar to 
the tnangle ABC. 

29. Prove that the theorem of Ex 28 is true when the points .<4', J?, C 
are situated on the prolongations of the lines AO, BO, CO through the 
point O. 

30 Enunciate and prove a theorem, similar to the theorem of Ex 28, 
for any polygon. 
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CONSTRUCTIONS 

MDef — A proposition tn which a specified geoincti ztcd con-’ 
struction ts required to be effected is called a Problem 

In a problem certain parts of a geometrical figure are 
given, and the remaining parts are required to be drawn 
Def — The essential parts of a problem aie the data, or 
things given , and the quaesita, or things required 

The student ought to bear in mind that in Demonstra- 
tive Geometry all constructions are required to be effected 
with the help of the ruler and compasses only. 

Proposition 51. — ^Problem 

To bisect a given angle 
Let BA C be the given angle 
With centre A^ and with any 
Tadius, describe an arc cutting jg 
AB, AC va Z, M. 

With centres L and M., and 
with any equal radii, describe arcs cutting in P, 

Then the line AP bisects the angle A, 

Join LP, MP 
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In As AZP, AMP, 

iAZ = AM, [CotisL 

\ZP=^ MP, [Const 

XAP=AP, 

. Afe are congruent, [Prop 13 

and AZAP^AMAP. 


EXERCISES 

1 With the help of thts proposition an angle may be divided into 
2" equal parts, where n is anj integer 

2 Divide an angle into two parts which arc in the ratio of 3 i 

3 Draw an angle of 150° and dnide it into eight equal parts 

4 Draw an angle of 160° , divide it into four equal parts, and check 
your construction by measurement 

5 In the figure of this proposition ^/'bisects the angle LPAI 

6 The figure ALPM is a kite in which the diagonal AP bisects 
the diagonal LM at right angles 

7 Show that AP is the right-biseclor of all parallels to LAI, which 
arc terminated by the sides of the kite A LPAI , and hence AP 15 the 
axis of symmetry of the figure 

8 Show that the bisectors of the angles ALAI, AAIL meet on AP 

9 If from any point on the bisector of an angle perpendiculars be 
drawn to its arms, these perpendiculars arc equal 

/ 10 With sides 2 9", 3 2", and 3 5", draw a tnangle, and draw the 
bisectors of its internal angles 

11 In the triangle of the last exercise draw the bisectors of the three 
external angles, and prove that they arc at right angles respectively to 
the bisectors of the corresponding internal angles 


Proposition 52 — Proplem 

To bisect a given finite straight line 
Let AB be the given line 

With A and B as centres, and with the same radius 
(greater than half AB), desenbe arcs cutting in Z and M 
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Join LM^ cutting AB in P 
Then AB is bisected in P 
Join AL, AM, BL, BM 

AL = BL, [^Const, 
the point L lies on the right- 
bisector of AB, [Pr^/ 30 
Similarly, the point J/lies on 
the nght-bisector of AB. 



Therefore the line LM is the right-bisector of AB. 
Hence AB is bisected in P 
CoR. — Bisect a given arc of a arcle 


EXERCISES 

1 Show that by repeating thu eomtntcUon we can divide a given 
line into farts, where n is any integer 

2 Pro\c that /IR is the righl-bisector of 1 . 1 / 

3 The figure ALBM is a rhombus, of which AB and LM arc axes 
of symmetry 

4 Prove that there is only one point in which n given straight line 
IS bisected 

5 Tlic common cliord of two intersecting circles is bisected at right 
angles by the line of centres 

6 Draw the triangle ABC, in which ^=5 cm , <rs=5 3 cm , and 
fA =60" } construct the right bisectors of the sides of the triangle, and 
prove that they meet in a point 


Proposition 53 — ^Problem 

To draw a straight line at right angles to a given straight 
line from a g,ven point in it 

Let AB be the given line, and let P be the given point 
m it 

PM=^PN 
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With M and N as centres, and with the same radius 
(greater than MP), describe arcs cutting m Z. 



Join PL 

Then PL JL AS 

ML = NL, [Cons/ 

. the point L lies on the nght-bisector of MJV 

[Prop 30 

Also, PM=: PN, [Const. 

the point P lies on the nght-bisector of MN. 
Therefore PL is the nght-bisector of MN. 

Hence PL _L AB 


EXERCISES 


1 When the point P, from which the perpendicular is to be 
drawn. lies near one end B of the given Ime, make the following con- 
^ struction — 

Wtth centre P, and any radius, describe 
a circle cutting AB in Q , step off QR, equal 
to the radius Produce QR to L, making 
RL=QR Join PL 

/ ' Prove that PL is at right angles to AB 

( a Take AB 4" long, and a point P in it 

A Q P B ' distant 2" from B . make the construction 
of the last exercise, taking PQ=RL=l" 

3 Construct a nght-angled isosceles tnangle in which each of the 
equal sides is 2 3" long 

4 Construct a nght-angled tnangle whose base is i 5" and hypote- 
nuse 3" , show that one of the acute angles is double of the other. 
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5 In a gi\ cn straight line find a point equidistant from two given 
p<iint' 

When IS the solution impossihlc’ 

Describe a circle ^^hlch shall passthrough two given points and have 
ns centre on a given straight line 

6 Construct an angle of 45* 

7 1 ind a point equidistant from the angular points of an isosceles 
irapcziuiii 

Note — A tfoptztum •vlto^e noH-farattel sides are equal is called an 
isosceles trapezium 


Proposition 54 — Problem 

To draw a slratghl line perpcndsatlar to a given straight 
tine of unhimtcd length from a given point outside it 

Let AB be the given line, and let P be the given point 


A 

« 


With P as centre, describe a circle cutting AB in 
M and N. 

With Jif and JV as centres, and any equal radii, desenbe 
arcs cutting in Z. 

Join PL, 

Then 



PL A. AB 
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- PM =PN, 

*. P lies on the right-bisector of MN \_Prop 30^ 
Again, ML = NL^ \Const^ 

L lies on the nght-bisector of MN \Prop 30 
Therefore PL is the right-bisector of MN 
Hence PL _L AB 


EXERCISES 


-sa 


Take any point O in AB, on OP as diameter describe a semi- 
_ circle cutting' AB in L, pieve that 

PL IS perpendicular to AB 

2 Draw a tnnngle with sides 
2 l", 2 4", and 2 6" , describe 

semicircles on the sides situated 

B internally, and hence draw the 
' ^ three altitudes of the tnangle 

3 Repeat the last exercise witli 
a tnangle of sides 14 cm , 15 cm , and 16 cm 

4 Gvoen two points on opposite sides of a grueit straight line Through 
the given points draw two straight lines which shall meet m the given 
line and contain an angle bisected by that line 

6 Given troo points on the same side of a given straight line Through 
the points draw two straight lines which shall meee m the given line 
and make equal ang^s with it 


Proposition 55 — Problem 

At a given pomt tn a given straight line to make an 
angle equal to a given angle 

Let AB be a given line, and A a point in it at which 
It IS required to make an angle equal to the given angle 
XOY 

With O as centre, describe an arc cutting OX, OY va. 
jPand Q 
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With A as centre, and radius equal to OP, describe an 
arc cutting AB in JD , and with JD as centre, and radius- 



equal to PQ, describe an arc cutting the arc whose centre 
IS ^ in C 
Join AC. 

Then ABAC = Z.XOY. 

In the As DAC, POQ, 

•AD^OP, 

- AC^OQ, 

,2? = PQ, [Co/isf^ 

.* As are congruent, \Prq^ 13 . 

and AJ?AC=/LPOQ 

Therefore AJ5AC = AJCO Y 


EXERCISES 

1 Make an angle double of a given angle 

2 At a given point in a given straight line make an angle equal to 
the supplement of a given angle 

3 At a given point in a given straight line make an angle equal to 
the complement of a given angle 

4. Draw an isosceles triangle, having given the vertical angle and 
one of the equal sides. 

6 Construct an isosceles tnangle having a base 2" long and each ol 
the angles at the base of 45® 

6 Construct a right*angled triangle, having given the hypotenuse ^ 
and one of the acute angles 


T 
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7 Construct a right angled tnanglc, having given the base and the 
acute angle at the base. 

8 Show that a nght angled tnangle tan be divided into two isosceles 
jlriangtes 


Proposition 56 — Problem 

To draw a straight line, through a given J>oint, parallel 
to a given straight line 

Let It be required to drsi% through the point D a straight 
bne parallel to XY 

« 



With D as centre, and any radius, draw an arc BC cutting 
XY^aB With B as centre, and the same radius as before, 
draw an arc DA cutting A''P' in A With centre B and 
radius equal to AD, draw an arc cutting the arc BC in C 
Join DC 

Then DC \\XY 
Join DB, AD, BC 
Then in As ABD, CDB, 



- 

rAB = CD, 

\ad=bc, 

[bd=bd. 

\Const 

\Const 

and 

As are congruent, 
AABD = ABDC, 

\Prop 13 

but these 

are alternate angles, 



» 

DC II XY 

\Prop 4. 
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EXERCISES 

1 Through a given point draw a line making with a giien line an 
angle equal to a given angle. 

Show that two such lines can he drawn ^ 

2 Through a giien point between two intersecting straight lines ' 
draw a straight line that shall be bisected at the point 

3 Through a giien point between two intersecting straight lines t ' 
draw a straight line which shall form with the giicn lines an isosceles 
tnmgle. 

4 Through a gi\cn point draw a straight line, sucli that the intercept 
made on it bi two given parallel lines shall be equal to a given line 

5 Through two given points in two parallel lines draw straight 
lines which shall form a rhombus with the parallels 

6 Between two given intersecting lines place a line which shall be 
parallel to one given line and equal to another 

ti^i^ROPosiTioN 57 — Problem 

To construct a triangle having its sides equal to three 
given straight lines, any two of 'which are together greater 
than the third 

Let It be required to dratt a triangle whose sides are 
equal to the three lines a, b, c 


A 



Take the line BC equal in length to a 
With centres B and C, and radii equal in length to e 
and b respectively, desenbe arcs of circles intersecting in A 
Then ABC is the required tnangle. 
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EXERCISES 

^ 1 Wth sides 5 cm , 7 cm , and 9 cm descnbe a tnangle, and draw 

• Its medians '' 

^ 2 With sides 2 5", 2 S", and 3 3" draw a tnangle, and construct its 
three altitudes. 

y/' 3 Draw a triangle with sides 4 6 cm , 5 cm , and 5 4 cm , and 
-draw also the internal bisectors of Us angles 

4 Draw a triangle having its sides 3 l”, 4", and 3 7" long, and 
construct the right-bisectors of Us three sides 


Proposition 58 — Problem 

To construct a triangle, given two sides and the included 
angle. 

Let It be required to construct a triangle, two of whose 
sides are equal in length to b and c, and the angle contained 
b; these sides equal to the angle A 




Make cLBAC^^AA \Prof 55. 

Cut off AB — c and AC= b. 

Join BC 

Then ABC is the required tnangle 


EXERCISES 

1 Construct the tnangle ABC, having given CA=z. 6 ', 

and ZC=4S' 

2 Constnict the tnangle ABC, having given ^=7 cm , b=S 6 cm , 
•and ABszyf 
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3 Draw an isosceles triangle having each of its equal sides 4" long 
and its vertical angle of 120” 

Find the length of the perpendicular from the opposite angle on the 
longest side ^ 

4. Construct a rhombus of 2 5" side, and having an angle of 60” ^ 
Fro\ e that one of its diagonals is 2 5" long 


Proposition 59 — Problem 

To construct a triangle^ given a side and tivo qfig/es 
Let it be required to construct a triangle ABC, of which 
the parts a, B, and C are given 




^ake BC equal to a 

Make the angles ABC, ACB equal to the given angles 
B and C respectively. \Prop. 55. 

Then ABC is the required triangle 


EXERCISES 

1. Construct the triangle ABC, having p\en i=6 cm , /C=.to*. 
^^=60'. 

2 Construct the tnanglc ABC, having given c—^, / C—aCI, 
^^=60” 

Draii a tnangle similar to it and containing four time^ts area. 

3 Draw the tnangle ABC, in wMch «=3 6 cm , B=yf, A = 135' 
Construct a tnangle similar to it and containing one fourth its area 
4. On a base 6 6 cm long construct an isosceles tnangle whose 

vertical angle is of 30®. 
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Proposition 6o — ^Problem 

To construct a triangle^ given two sides and the angle 
opposite one of them 

Let it be required to construct a triangle AJ3C, of which. 
the parts a, 6, and A are given 

Make the angle XA Y equal to A. 



Cut oS AC =b With centre C, and radius equal to 

describe a circle cutting AX m B 
Then ABC is the required tnangle 


EXERCISES 

In the figure of this proposition draw CL perpendicular to AE, and 
let CL=^p Show that — 

(i ) It a<p the tnangle cannot be drawn 

(ii ) If a—p one triangle can be drawn with the given parts, and 
that tnangle is nght-angled 
(lu ) If a'>p there are three cases to be considered — 

1 When a<i> two tnangles ABC, AB'C can be drawn, as in 
the figure 

^ 2 When a=d one triangle can be drawn, for the point B will 
coincide with A 

3 When a one tnangle can be drawn 
Make drawings to illustrate all these cases 
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Proposition 6i — Pkoiim'm 

To const tvct a n^/it-ang^/c/f f nang/e, g,rcn the hy/iotcnuse 
and one side 

c be the gi\cn h\potcnuse and a the guen side 



/y c 


Let BC-a Draw CL perpendicular to BC With 
centre B and radius equal to e describe a circle cutting CL 
in A 

Then ABC is the required triangle. 

EXERCISES 

1. Construct a nght-nnglcd trnngk %sh()sc hypotenuse la 3' and 
base 2.4" , on the h}]X)tLnu'-L dcscnla. a SLiuicircIc 1 > mg inwards 

2 The hjpotenusc of a right nngltd trnngle is 3" long, and one of 
the acute angles is of 30* , construct it, nnd prose tint the shortest side 
i« I 5" long 

3 With sides 3 4", i 6", and 3" consinicl a trnngle, and pros e that 
It has a right angle. 

4 : Construct a right ingkd isosceles trnngk whose h}potcnusc is 
4" long, jirosc tint the perpendiculir from the right angle on the 
hj'potcnusc IS 2" in length 

Proposition 62. — PiionixM 

To construct a parallelogram^ given tu'o sides and the ' 
included angle 
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Let a and b be the two giren sides and A the given 



ts 


Make the /LX.A Y = AA Cut off AB and AD equal 

to a and b respectively 

Through B and D draw BC^ DC parallel to^ AD and 
AB respective!) 

Then ABCD is the required parallelogram 
Cor — On a gtv^n ^Uatghi line construct a square 


EXERCISES 

1 With sides 5 cm and 3 5 cm construct a parallelogram which 
has an angle of 75’ 

2 Construct a par'illclogram of which the diagonals arc 8 cm and 

12 cm , and one of the sides is 7 cm , 

3 Draw a parallelogram of which the adjacent sides are 3 5" and 4', 
and the diagonal which mecls them is 5 6" 

4 Construct a parallelogram who-.e diagonals are S cnt^And 10 cm , 
and intersect one another at an angle of 45° 


yJ^ROPOsiTioN 63 — Problem 

To divide a given straight line into a given number of 
equal parts or into parts in any given proportion 

(1 ) Let it be required to divide the line AB into seven 
equal parts 
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Dtttw AX, making any angle with AJ 3 On ^AX step 
seven equal distances A—i, 1-2, 6-7 

Join S'] 

^ Through i, 2, 3, 4, 5, 6 
draw parallels to jffy. 

Then these parallels will 
divide AB into seven equal 
parts \Prop 19 

(11 ) Let It be required \o A C S 

■divide AB in the ratio of 3 4 

Make the same construction as before , then the 
parallel 3C will divide AB in C in the ratio 3*4 

For AB is divided into seven equal parts, of which 
AC contains 3 and CB contains 4. 

Therefore CB-t, 4. 

EXERCISES 

1 Divide a line 7 2 cm long into eight equal parts, and check by 
measurement 

' '2 Divide a line 3 5" long into parts in the ratio of 2 5, and check 
iby measurement 

3 Divide a line 5 4" long into three parts in the ratio of i 3 5 ; 
check by measurement 


X 



Proposition 64 — Problem 

To construct a triangle equal in area to a given polygon 
Let It be required to construct a triangle equdl im area 
' to the polygon ABCDEF ' 

Join BD 

Draw CP || BD, meeting AB produced in P 
Join PD. ' ' 
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Then APDEF is a five-sided figure equal m area to- 

the six-sided given figure ABCDEF 

For the As BDP and 
BDC are on the same base 
BE and are between the same 
parallels , 

. J^BPE=t^BDC. 

\Prop 21, Cor. 
To each of these equils 
add the figure ABEEF, then 
fig APEEF= fig ABCEEF 
Thus we have constructed a figure equal in area to the 
given figure, but having one side less 

By repeating this construction the gnen figure will 
finally be reduced to a tnangle. 



EXERCISES 

1 Draw a square on a base 2* long, and reduce it to a nght-anglcd 
tnangle of equivalent area 

2 In a circle of 4 cm radius inscnbe a regular hexagon, and reduce 
It to an isosceles trapezium of equivalent area. 

Proposition 65 — Problem 

To construct a parallelogram equal tn area to a given 
tnangle^ and having one of its angles equal to a given angle 
Let ABC be the given A, and let the angle of the- 
required U” be equal to the An. 

Bisect BC in M. Make jLCME = «. 

Draw C/VIl ME and AEJ\r\\ BC 

Then MCNE is the required Ij® ' ' 

Jom AM. 
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Fcfl: •.* II™ MN and /lABC are on the same base and 
between the same parallels, 

. . iril/iV= 2 AAAfC [Prop, 20, Cor, 



Also • • As AMC, AJlfB are on equal bases and of 
the same altitude, 

AAMC=AAMB, [Prop 21, Cor, 
, AABC^-zAAMC, 

. ir AABC, 
and its ADM C-tu 


EXERCISES 

1 Dnw a triangle with sides 1 7", 2 4", and 19*; and on a base 
1 2" construct a parallelogram of equivalent area, having one of its 
angles equal to that of an equilateral triangle 

2 With sides 5 cm , 7 cm and S 5 cm draw a triangle ; construct^ 
a rhombus of equivalent area, having one of its diagonals 3 5 cm long 


MISCELLANEOUS EXERCISES.— V. 

1 Draw an angle of 84" with the help of the protractor , bisect it 
by con-ttruction and check by measurement 

2 Dr.aw an angle of 54% using the protractor, and construct am 
angle double of it 

3 Draw a line 54 mm long and bisect it , check jour construction 
by measurement 

4 Draw ar arc of a circle subtcndmg an angle of 150“ at the centre ; 
bisect It. 
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5 Draw an arc of a circle subtending an angle of I20* at the centre 
of the circle , bisect it by construction, and cliech the correctness of 
your drawing by measuring ingles at the centre 

6 On a base 5 cm long construct i square 

7 Draw a tnangle with sides ii cm , 13 cm , and 15 cm , construct 
Its longest altitude. 

8 Draw an angle of 37“, and find mother equal to it bj construction 

9 Given a straight line X, ind a point P distant a" from it, through 
Pdraw two straight hnes making angles of 30' with A' 

10 In the figure of the last exercise draw two lines through P 
making angles of iao“ with X 

11 Given a straight line and a point lying without it , through the 
point draw two straight lines, making a right-angled isoscdcs triangle 
with the given line 

12 Construct a parallelogram when the tw o diagonals and 1 side are 
given 

13 Construct a rectangle when 1 diagonal and a side are gisen. 

Analysis — Very often the solution of a problem is 
most easily effected by assuming the problem solved, and 
then trying to find out some relation between the guaesita 
and the data which, with the help of known theorems and 
constructions, will enable you to draw the figure This is 
known as the method of analysis, and it will be best under- 
stood by following a few examples 

j 14 Constrwf a tnangle, hawmggizen the penmeter and the angles 
I Suppose the tnangle ABC to be drawn as required by the problem. 



We first try to find a line in the figure equal to the given penmeter. 
With this end in view produce AB both ways, and cut off BQ=BC 
and AP=:AC 

Then PQ is equal to the penmeter | 
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Now examine the fignre a little further 

. RCQ Is an liosCcles A, 

/JiQC^£liCQ , 

/CBA=2./_RQC {Prop 7, Cpr 

SimiHrn, < /i=:2./CPA. 

Thus the angles at /’ami Q arc tadi hal\cs of gi\cn angles 
Therefore in the SCPQ the base is given, anu the angles at the 
base are also given , hence the triangle can be constructed 1 

r rom the foregoing analj sis w e amv e at the ‘bllownng construction •— 
Cons. met a triangle CPQ, in which /’(} = givon n-rimeter, 
y s P, Q = i, of given angles />, C. [Pro/’ 59. 

Make the angles PCA, QCB wangles at Q respeciivelj 
Tlien ABC is the required triangle. • 

The student can casilj supplj the proof 

16- The p.nineter of a triangle u. S", and the angles at its base are of 
45* and 60“ ; construct the triangle 

16 With sides 3", 3 4", and 3 9" dravv a triangle , and construct 
another triangle equiangular with it, and h iving a Dcrimeter of 6" 

17 Construct an isoscelca triangle wliose perimeter is 7 5" and 
rerlical angle of 30’. 

18 The perimeter of a right-angled triangle is 12 cm , and one of 
Its acute angles is of Oo" , construct it 

19 Giz en hie I ase of a Iriait^le, the sii^i of h e oil er two staes, end 
ere of the an^’es at the base , construct the tr angle 

Suppose ABC is the required tri- 
angle, invvhich«-*-^,f,and^ are given. 

We first construct the line « + /» in 
the figure. Produce AC, cutting off 
CP=a 

Then AP—a-h-h 
Xow, in i^APB, AP, AB, and 
the included angle are giv cn , lienee 
the triangle can be constrected 

Again notice that since CPB es t 

an Isosceles tnanglc the vertex C must lie on the nght-biscctor of 
Its base BP 

From this analysis we obtain the following construction — 

With sides e, a^rb, and included angle A dravv the triangle APB 

[Pro/ 5SJ 

Let the right bisector of BP meet AP in C. 

Join BC 
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'riicn ABC IS the required tmiiElc. 

Let the student couiplete the proof 

20 Given the base of a triangle, the dilTercnce of the other two 
iides, and the lesser mglt. at the base , construct the tnangle. 

[Here /< - a, r, and A arc gi\ en ] 

21 The base of a triangle is 5*, the sum of the other tw o sides is 7", 
ind one of the angles at the Insc is of 60’ , construct the triangle 

22 The base of a triangle is 4.^*, the difference of the other two 
sides IS i", and one of the angles at the base is of 75* , construct the 


Lnanglc 

23 Describe an isosceles triangle of giv en base and perimeter 
f 24 Construct a triangle, having given a side, the angle opjiosite to 
the side, and the sum of the other two sides 

25 Construct a triangle, having given a side, the angle opposite to 
the side, and the difference of the other two sides 
'■ 26 Comintet a right angled tnangle, Itainng ^tven the h^fotentist 

and the sum of the other two 
sides 

Let ARC be the required 
triangle, hav ing the angle at C 
a Tight angle 

Here e and a+6 arc given , 
we therefore proceed to lay 
down the line a-f in the figure 
as shown. 

How notice that in the triangle AB, BP are given, and the 
angle at P is also given, since it is half a nght angle , hence the tnangle 
can be constructed [Ptap ^ 

Again notice that the point C lies on the right bisector ol AP 
The student can easily complete the solution 
27 Construct a right angled tnangle, having given the hypotenuse 
and the difference of the other two sides 



28 Construct a triangle, having given the altitude and the angles at 
the base 

Analysts — ^Through the vertex of a triangle draw a parallel to the 
base This parallel makes with the sides angles which art equal to the 
tuples at the base of the triangle 

29 The altitude of a triangle is 3', and Uit angles at its base are of 

45“ nnd 60" , constnict it * 

30 Construct a square, having given the difference between the 
diagonal and a side. 
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31 ConstrtKt a square, having given the sum of the diagonal end ’ 
two sides 

Let ABCD be the square con- 
structed as required 

Produce AC both Mays and cut 
oS AQ=CP=a. side 

Then i’0=sum of the diagonal 
and two sides 

Draw QR, PR |I AD, CD, meet- 
ing in R 

Now notice that since AQD is 
isosceles, QD bisects the angle at 
Q Hence the following construction — 

On PQ as hypotenuse describe an isosceles right-angled triangle 
QRP Let the bisectors of the angles at P and Q meet in D Draw 
DA, DC parallel to RQ, RP, then DA, DC are two sides of the 
square. 

32 Construct a triangle, having given the hose, the dtfferrnce of the 
oilier two sides, and the difference of the angles opposite to those sides 

Suppose ABC is the A con- 
structed as required 

HeTee,h — a, and B—A are gi\ en 
We proceed to find on the figure 
^ — 0 and B — A 

From CA cut off CD— CB , 
then AD=b — a 
We have 

a+p=B and a-^=A , 

\jProf 7, Cor, 

.* ei=\{BAA)«si^p=\{B-A) 

These two results are important 

Now in AABD two sides and the angle opposite to one of them is 
given , hence the triangle can be constructed \Pi‘op 60 

33 Construct a triangle whose base is 4", the difference of the other 
two sides IS 2 s", and the difference of the angles opposite to those sides 
K 30“ 

34. Construct a tnangle, having given the base, the sum of the other 
two sides, and the difference of the angles opposite to those sides 

36 Construct a triangle whose base is i 8", the sum of the other 
two sides IS 2 9", and the difference of the angles opposite to those sides 
IS 30“. 
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36 Construct a triangle, having given one side, the angle opposite 
to that side, and the difierencc of the other two angles 

37 Construct the triangle ABCt in which a =2 S", A=^^, and 

£- 0 = 15 ° 

38 In a right angled triangle tnsenbe a square, having one of its- 
angles coinciding m ith the right angle 

39 In the last cvercise prove that if s be the side of the inscribed 
square, a, h the sides containing the right angle, and A the area of the 
triangle, then 

r(«+^)= 2 A 

40 In a giien triangle inscribe a rhombus, having one of its angles 
coinciding with an angle of the triangle 

41 In a gi\en triangle inscribe a square 

42 In the last esercise, if r be the side of the inscribed square and 
a and p the base and altitude of the triangle, prove that 

r__i t 
f ~ p 

43 Conslnict a triangle, having given the base, the altitude, and 
one of the angles at the base 

44 Construct a triangle, having given the base, the altitude, and 
one of the remaining sides 

46 Construct a triangle of height a" on a base 3 " long, havang a side 
2 5 " , inscribe a square in the triangle, having a side coincident with 
the base of the triangle. 

Find the length of a side of the square 
^ 46 Bis'ct a triangle a stratgkt bne drarvn through a given point 

' tn one of its sides 

Let B be the giv cn point in the side BC 

Suppose that the line PO divides 
the given triangle into two equal parts, 
so that 

AOPC=ibABC 
Draw the median AD , then 
AADC=\AABC, 
AOPC=AADC 

From each of these equals take away 
AODC, then 
A0PD=A0AD 

Hence OD 1 ) AP. ' 

From the above analj-sis we derive the allowing construction — 


A 
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Bisect BC m D and draw DO pirallcl to AP, meeting CA in O, 

Then PO is the required line. 

The student can supplj the proof of this construction 

47 With sides 3", 3 5", and 2 S" draw a triangle , from a point in the 

first side, distant i" from the largest angle, draw a line to bisect the 
triangle. , 

48 Bisect a quadrilateral by a straight line draw n through one of its 
angular points 

49 Take a line BD 4" long , on opposite sides of BD describe the 
triangles BAD, BCD such that AB=i 9", AD=2!’t BC— 24", and 
CD=3 5” 

Through A draw a straight line to bisect the quadrilateral ABCD 

60 Construct the rtctilintal figure ABODE, in which AB—"^^ 

BC^z", CD==i 5", DE==2 2\ EF^iz", AC=AD=s" a 

tnangk of equiialcnt area, liaMng its base coincident with AB 

51 Bisect a gi\ en triangle by a straight line draw n parallel to the 
base 

62 Bisect a given triangle by a straight line draw n perpendicular to 
the base 

63 Bisect a parallelogram bj a straight line drawn through a given 
point without the parallelogram 

64 Two parallelograms being given in magnitude and position, 
draw a line which will bisect them both 

66 Cons'^uct a triangle, having given the middle points of the three 
sides 

66 Construct a right-angled triangle, having given the perpendicular 
from the nght angle on the h}'potcnuse and a side 

67 Construct a triangle, being given the angles and the sum of two 
sides 

68 Construct a triangle, being given the angles and the difference of 
two sides 

69 Construct a triangle, being given two sides and the median 
which passes through their ^int of intersection 

60 In a given squar** inscribe an equilateral triangle having one of 
Its angular points coinadent with an angular point of the square 

61 Construct a square, having given the sum of a side and a 
diagonal 

62 Construct a parallelogram, having given a diagonal, a side, and> 

an angle. / 

K 
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63 Describe a ngbt-angled triangle, having given the hypotenuse 
and the perpendicular drawn to it from the right angle 

64 From the \ ertcx of a tnangle draw a straight line to meet the 
base, which shall exceed the lesser side of the tnangle as much as it is 
exceeded by the greater 

66 Draw a straight line EE parallel to the base of the triangle 
ARC, meeting the sides AB, AC in /' and E, such that (i ) EE=EB , 
(ii ) FE-BF+Cn , (111 ) FE=^BF-EC 

66 Draw a straight line to cut off a kite from a given triangle 

In how many different u ays can this be done ? 

67 Construct a polygon equal in all respects to a given polygon 

68 Construct a rhombus equal to a given tnangle and having a side 
«qual to a side of the triangle 

69 Bisect a quadnlatcral b) a straight line drawn through a given 
point in one of its sides 

70 One acute angle of a tnangle is double of another , divide the 
ttnangle into two isosceles triangles 

71 Within a triangle find a point, such that straight lines drawn 
from it to the angular points shall tnsecl the tnangle 

72 Divide a given square into five equal parts, 
consisting of one square and four nght-angled 
tnangles 

73 Construct a square equal to three-fourths of 
a giveu square 

74 Between two given straight lines inflect a 
straight line, which shall be equal to one given 
line and parallel to another 

76 Construct a parallelogram which shall have the same area and 
penmeter as a giv en triangle 



PROPOsnioK 66 — Problem 

To draw a tangent to a given circle 
(i ) at a given point on the aicnmference , 

(ji ) from a given point wit/iout it 
Let It be required to draw through the point T a. straight 
line which will touch the circle whose centre is O. 

(i ) When P IS on the circumference 
Join OP, and draw PT I OP 
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Then IS the tangent required. \Prop SJ, Cor 




(ii ) ■\^^len IS without the circle 
Join OP, and on OP as diameter describe a circle* 
cutting the gn en circle in T, 7'\ 

Join PT, PT 

Then PT, PT' are the required tangents. 

Since OTP is a semicircle, the ^OTP is a rt. Z. 

\Prop 41. 

Therefore TP\% a tangent. \PfOp 37i Cor, 

Similarl}, T'P is a tangent. 

EXERCISES 

1 The two tangents drawn to a circle from an external point are 
equal 

2 The two tangents drawn to a circle from an external point subtend 
equal angles at the centre 

3 The two tangents drawn to a circle from an external point male 
equal angles with the line joining the external point to the centre 

4. The chord of contact of tat, gents drawn from an external point ta 
« circle IS bisected at right angles fy the line joining the point to the 
centre 

6 The figure OTPT .3 a kite, of which OP is the axis of symmetry 
6 From a point distant c from the centre of a circle of radius r, a 
pair of tangents is drawn to the circle , show that 
(1 ) the length of each tangent is — , 

(11 ) the distance of the chord of contact from the centre is t^jc ; 

(ui.) the length of the chord of contact is 2rV(«®— 
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. 7 Anj two tangents to a circle arc cqualtj inclined to their chord 

of contact 

8 The bisector of nn angle is the Kiciis of tlic centres of circles 
iihicii touch both the arms of the angle 

9 DLScrilic a circle of given mlius to touch two gucn stnight lines 

10 If the sides of a rjiiadnlatcnl touch a circle, the sum of the 
angles whiih cnch piir of oppositt sides subtends n the ct litre is «ju il 
to two right anglus. 

11 Tl,e se^niei t rf a ^enrHf tanker t u'Urfep’er aty (■' e 

fxed,tanye>ti to e nretf sui'ettils c tot ttai t any^e at tl c terlre o/ it e 
nrcte 

12 // e ffnmtifr cf tht inang'f forr ed /; txio ^xed tangents, and 
0-e seg ! ent tf a z at tal te tat get 1 1 ntf reef tee! hetn een then , m eenstat • 

Jf a quadrAa'eral areu- terdr a etrele, tie inn ej ote/atre^ 
effost'e siJ, s It eoued to tie sum ei/ tie o‘l tr fair 

Dj r — A eammon tangent to txvo areles xchose fotrfz 
of contact are on the same stde of He itne of centres ts called 
a direct common tangent 

Dnt — A common tangent to two circles tvlwse fowls 
of contact are on offostte sides of the line of centres ts called 
a transverse common tangent 

^ PROPOStTlON 67 ^PrOBIXM 

To draw the common tangents to two given circles. 

(1 ) Direct common I'lngcnts 



Let A and B be the centres of the circles whose radn 
are Jt and r, A being the centre of the greater circle. 
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On AB as diameter dfescnbe a circle, and with centre 
A, and radius equal to the difference of tnc radii of the 
two circles, describe another circle cutting the firs! m C, C\ 
Draw the radius A CP 
Draw’ the radius BQ 11 AP. 

Then PQ is a direct common tangent to the two circles. , 
• AC=B-r, 

\ CP=B-(P-r) 

= r = BQ. 

Hence CB QP is a H™ 

Also, •. • Z.A CB in a semicircle is a rt Z., 

.* all the angles of the jj™ CBQP olto rt Zs 
Since the angles APQ, BQP are right angles, 

PQ^ touches both circles 

Similarly, it can be proved that P'(X touches both 
arcles. 

V ( 11 ) Transverse common tangents 

As before, on AB as diameter describe a circle, and 



with centre A, and radius equal to the sum of the radii of . 
the two circles, describe another circle cutting the first 
in C; C'. 



134 DEMONSTRATIVE GEOMETRY 

Draw the radius APC . 

Draw the radius BQ || AP 
Join PQ, 

Then PQ is a transverse common tangent to the two 
circles 

AC—P^r, 

• CP=^{R + r)- R 
= r = BQ 

Hence CBQP\s a II"* 

Also, A.ACB in a semicircle is a rt Z., 

all the angles of the H™ CB QP are rt Zs 
Since the angles APQ, BQP are right angles, 

PQ touches both circles 

Similarly, it can be proved that P'Q[ touches both 
circles 


EXERCISES 

' 1 Prove that tn both the Rgures of this proposxtton the common 

tangents make equal angles with the line oj icntres 

2 Prove t] at in both figures the common tangents meet the hne of 
tenlres tn the same point 

3 Prove that the line of centres tn each figure ts the axis of symmetry, 

4 Draw the direct and transverse common tangents of two circles. 
Explain how the transverse common tangents coalesce into one 

tangent at the point of contact of the two circles. 

6 Pro\ e that if c be the distance between the centres of two circles 
whose radii are R and r, the lengths of their direct and transverse 
common tangents arc given by the equations 

y®=£=-(iP-r)3and 7’'S=cS-(iP+r)» 

6 Prove that the direct common tangent of two circles which touch 
externally is a mean proportional between their diameters 

7 Draw the direct common tangents of two circles whose raa.i are 
and y, and centres 2" apart 

« 8 Draw the transverse common tangents of two circles whose 

radu are 2 cm and i 5 cm., and centres 5 cm apart. 
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Proposition 68 — Prodllm 

To describe a circle about a giveti triangle 
Let ABC be the given triangle. 

Let the nght-biscctors of AB and 
BC meet in O , then 
0 IS* the centre of the required circle 
Since 0 IS on the right-biscctor 
rxf AB, C 

. OA = OB 
Similarlj, OB = OC 
Hence OA = OB = OC. 
rhercforc a circle v.hose centre is 0 and radius OA 
mil pass through A, B, and C 



EXERCISES 


1. If from tht verier of a triangle a fet pendtenlar 6e draion to the 
base, the rectangle contained hy the stdei of the triangle is equal to the 
rectangle contained ly the fer/-endiciilar at d the eireiandiametei of the 
inonqle 

In ^AJBC let AL ± BC, Uicn 

AB.AC=AL AD, 

where AD is the diameter of the circle ABC 



In As ABL, ADC, 

. ./ ZA’=ZA iProy 40 
' \AALB^Z_ACD, iProf 41 
As arc similar [/'/o/ 46. 

Hcnte 

lienee Tir ACf 

Therefore AB.AC=AL AD 

2 Prove that the riicnmradtus of a 
triangle ts given by the formula 
„ tthe 


Hcnec 



136 


DEMONSTRATIVE GEOMETRY 


■We have proved that 

he= 2 R p, 

•where/ is ihc altitude of the triangle 
Thtreforc abc—zR pa, 

—zR 2A 


Hence 

4A 

3 Find the radius of the circle circumscnhing the triangle whose 
sides are 5", 8" and 5" 

4 Draw a triangle with sides 2* 2 i", and 2.9", and describe a circle 
about it Find the radius of this circle 

6 With sides 2 5", 2", and i 5" draw a tnangle , find the position of 
Its circumccntre and the length of its circmnradius 

6 Prove that the circumradu of similar triangles arc in the ratio of 
their corresponding sides 

7 Prove that the radius of the circle nhich passes through tne 
middle points of tlie sides of a tnangle is equal to half the radius of 
the circle which passes through the angular points 

8 If 0 he the etretwteenh e of the tnangle ABC, prove that 

YfBOC^zfiA 

9 The base and vertical angle of a tnangle being given, the meum- 
radtns IS constant 

10 The square described on the side of an equilateral tnangle is 
three times the square on its circumradius 

11. Two triangles have one side of the one equal to one side of the 
other, and have the angles opposite to tliesc sides supplemenlaiy , prove 
that they have equal circumradu 


Proposition 69 — Problem 

Xo inscribe a circle in a given tnangle, , 

' Let ABC be the given tnangle ^ , 

Draw BI, (7/ bisecting the angles B and C. 

Draw ID X BC 

Then I is the centre and ID the radius of the required 
irfrcle 

Draw IE, IF X CA, AB respectively. 
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•. BIis the bisector of the 

ID = IF. \Prop 31. 



X 


For a similar reason 

ID = IE 

Therefore ID = IE = IF 

Also the Z.S at Z?, -S, ^P'are rt Z.s [Const 

Hence the circle with centre / and radius ID will 
touch EC, CA, AB. [Prop 37. 


EXERCISES 

1 Prove that ^/bisects the angle A, 

2 Provt that 

AP+BD+CE=AE+BP+CD=s, wJiete 2s—aArb-\-c 

3 Prove that 

AF=AE=s-a, BF=BD=s-b, CE=CD=s-c 

4 Prove that the inradttts of the tnan^e ABC is given by 

_p_ 

s 

6 Prove that the inradii of similar triangles are n the ratio of their 
corresponding sides 

6 The incentre of an equilateral triangle coincides with its circum 

•centre •> 

7 Any circle whose centre is I, and radius greater than the inradius, 
will cut off equal chords from the sides of the tnangle 
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8 With sides 3 9", 4 2", and 4 5* draw a triangle , inscribe a cirdc 
in the triangle, and calculate the length of its radius 

9 In Hx 8 find the lengths of the tangents drawn to the inciicle 
from the smallest angle 

10 Draw a triangle with sides 2 6”, 2 9", 3 i' , inscribe a circle in 
the triangle, and find the segments of the sides made by the points of 
contact of the inscribed circle 


J;;^^*ROPOsmon 70 — Problem 


To escribe a aide to a given triangle 
Let ABC be the given triangle We are required to 
draw a circle to touch the side opposite to the angle A 
and the other two sides produced 

Draw bisecting the ex 

ternal angles at B and C 
Draw JyD _L BC 
Then is the centre and I-^D 
the radius of the circle which touches 
BC and the sides AB and AC -pro- 
duced. 

Draw IjE, /jB A. AC, AB pro- 
duced 

• BJj^ is the bisector of the ext 

ALB, 

lyD — IyF \Prop. 31. 

For a similar reason 

Therefore IxD = I^E = I^R 

Also A.% at D, E, i^are rt A& [Const 

Hence the circle with centre /j and radius will, 
touch BC and AC and AB produced [JPm^ 37, 
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EXERCISES 

1. rro\c tljat .'/7i bisects the ingle -•/. 

2 Prove that -//' =AJ 2 —s 

3 Pro\e that CZ?=J-^ and JiD=s~e 

4. Prove tint /, the centre of the inscribed circle, lies on 

6 Prove that the ingle /C/^ ts a right ingle 

6 Prove tint the points /, ly, Cire concychc. 

7 Prove that the centres of the other two escribed circles he on 
/jJ5, TyC produced 

8 If fy, lit Iz the eeuties of the esenbed circles opposite to the 
singles A, £, and C, prove that JyA, JyC are the altitudes of the 
triangle lyTJzt Ifot they all pass tl rough / 

9 Prove that the radtt of the three escribed circles of a triangle art 
given iy 

~A- .--A. - ^ 

s — a' ' s — b' * s — e' 

10 Prove that l^L+LsiL 

ry Ti r, r 

11 Draw a triangle with sides 13 cm , 14 cm , 15 cm , describe 
the inscribed and escribed circles , calculate the lengths of their radf 
and hence venfy the formula of the last exercise 

12 The distance between the points where the inscribed and 
esenbed circles touch BC is 

b-e 


Proposition 71 — Problem 

Given a regular folygon of any number of sides, 

(1 ) io describe a citcle about it, 
and (n ) io inscribe a arclc in it 

Let AB, BC, CD, and DE be four consecutive sides of 
a regular polygon 

(i ) Let the bisectors of the angles at C and D meet 
in O 

T hen O is the centre of the circumscribing circla 

Jom BO. 
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Now ^OCD - of reg poL = jLODC , 



y' 


. OC~OD \Prop 
Again, in As OCD, OCB, 
BC^ CD, 

[Sides of reg poL 




co=co, 

\/LOCD^d.OCB, 

[ConsL 

As are congruent , [Prop 


.. OB=OD 


and Z.OBC=/LODC-\ pol 

Hence OB — 0C= OD. 

Also since BO, CO are bisectors of two adjacent angles,, 
it may be proved as above that OA = OB = OC 

Thus all lines drawn from O to the angular points of 
the polygon are equal 

Hence O is the centre of the circumscribing circle 
(ii ) The point O is the centre of the inscribed circle 
also 

Draw OL, OM A- CD, BC respectively. ' 

Then in As OLC, OMC, 

rAOZC= A.OMC, [Big/if angles. 
j ZOCL = ZOCRT, [Const. 

[ OC^ OC, 

As are congruenl^ [Prop' lo, 

and OL = OM. 

Similarly, all the perpendiculars from O on the sides of 
the polygon are equal 

Hence O is the centre of the inscnbed curcle- 
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Proposition 72. — Problem 

To ait off from a ^vcn circle a segment capable of a given 
angle 

Let ABC be the given circle and the given angle 
We are required to cut off from the circle ABC a segment 
\shich shall contain an angle equal to 



X 

At any point B on the circle draw the tangent TBT', 

[Prop 66 

At B make AT'BC= [Pt‘op. 55. 

Then BAC is the required segment 
For *.• TBT' is a tangent and BC a chord through the 
point of contact, 

ii. 2 ^'ZfC=Z. m alt. segment Cl [Prop 43. 
But A.T'BC=A.p. [Const. 

Hence the angle in the segment BAC is equal to )8 

EXERCISES 

^ I In a^ven arch insmhe a tnanqle equiangular to a given tnangte. 
Suppose 8 ind 7 arc the base angles of the given triangle 
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In the figure of this proposition make the angle T£A=’y Then 
ARC IS tne required tnangle 

2 In a circle of i 5" radius inscribe an equilateral tnangle. 

3 With sides I 4", 17', and i 9" draw a tnangle, and inscnbe a 
tnangle equiangular to it in a circle of I 2" radius 

4. Proie that all triangles, equiangular to a gnen tnangle, which 
arc inscnbed in the same circle are congruent 

6 In a circle of 3 cm radius inscnbe a triangle haiing tiro of its 
angles of 45” and 60° respectiiel} 

6 Aiout a given circle desenhe a tnangle equiangular to a given 
tnangle 

7 About a circle of 1" radius desenbe a triangle equiangular to the 
tnangle of Ex 3 

8 About a circle of 2 cm radius desenbe an isosceles triangle ivhose 
vertical angle is of 30® 

9 About a circle of 2 5 cm radios describe a nght-angled tnangle 
having an acute angle of 60® 

Proposiiion 73 — Problem 

On a given straight line to desenbe a segment of a arclt 
capable ^'f a given angle 



Let .ffC be the given straight line, and /3 the given 
angle. It is required to describe on JBC a segment of a 
circle contaming an angle equal to /3. 

i 


CONSTRUCTIONS 


M3 

Make \Brop 55. 

and draw BO JL^BT \Prop 53, 

Draw LO the right-bisector of BC, meeting BO m O 

{Prop 52. 

. O IS on the nght-bisector of BCt 

OB=OC‘ {Prop 30. 

Hence n ith O as centre, and OB as radius, describe tnc 
circle BA C 

Then BAC is the required segment 

• BTA. bo, {Const. 

BT is the tangent at B to the circle, and BC is a 
chord through the point of contact ; 

. . jLCBT- a. m alt segment. {Pf^i^ 43* 

But A.CBT= Ap {Const, 

Hence the segment BAC is capable of the angle /3 

EXERCISES 

1 On a given straight hue describe a segment of a circle which is 
capable of a right angle 

2 Alnkc the construction of this proposition when the given angle 
IS obtuse, say of 135” 

3 On a straight line i 2" long describe a segment of a circle which 
will contain an angle of 45° 

4 On a base 3 cm long describe a segment of a circle capable of 
an angle of 120° 

6 'With sides I s", I 7", and 
I 9" draw a triangle , find a {mint 
svithin the triangle at sthicli the 
three sides subtend equal angles 

6 Given the base of a triangle, 
the sum cf tie othet two sides, and 
the "c heal angle , constmet the 
t! laiu^/e 

Ilcrt. c, a-\-b, and C are given 

Suppose AUC IS the A constiuctcd as required 

Produce ./C cutting off CD— CB Join DB, 




144 


DEMONSTRATIVE GEOMETRY 


Then CD=CB, j^CDB=Z.CBD, 

/ A CB-^t./ CDB [Prop 7, Cor, 

Hence in the triangle ABD the base, the vertical angle D, and the 
side AD are gi\cn 

Again, since CjD= CB, the point C lies on the right-bisector of BD, 

[Prop 30 

We have therefore first to construct the triangle ABD, in which 
AB=e, AD=a-^d, and Z_D=^ZS 

The fiiwcd line AB subtends a constant angle at the point D , thcrc' 
fore the locus of D is the segment of a circle, described on AB as base, 
which IS capable of the angle iC 

Also, the point A is fixed, and the length AD is gi\en , therefore the 
locus of IS a arcle whose centre is A and radius AD 

The intersection of these two loci determines the position of Z) 

When the triangle ADB has been constructed we notice that C lies 
on AD, and also on the right'biscctor of BD , hence the position of G 
IS determined 

From the above analysis we denve the following construction — 

On AB describe a segment of a circle capable of the angle JC, 
With centre and radius a+i, desenbe an arc cutting this segment in 
D Join BD. 

Draw the right-bisector of BD, cutting AD in C Join BC 

Then ABC is the required triangle. 

The student ought to complete the proof 

7 Construct a tnangic, having given the base, the vertical angle, 
and the altitude 

8 Construct a triangle, having given the base, the vertical angle, and 
the area 

9 Construct the triangle . 4 BC, having gisen r=2 x", 2", 

and 

10 Construct the tmngle ABC, having given e= i 3", C‘=:6o'’, and 
the perpendicular from C on AB=i” 

11 Construct the tnangle having given 0=1", ^=30", and 

the area of the triangle sq in 

12 Construct a triangle, having given the base, the opposite angle, 
and the length of the median which bisects the base 

13 On a base i 8" long construct a triangle whose vertical angle is 
of 45% and whose median bisecting the base is equal in length to the 
base V 

14. Construct a tnangle, having given the base, the opposite angle, 
and the difference of the other two sides 
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1 ^ 5 - 

16 . CoQsiiTict the triangle ABC, in which ^=3.5% a— 6=^1', and 


PR0P0S1TIv-:x 74. ^PROBLEil 

In or about a gken circle to construct a regular rectiliTieal 
fgure of any number of sides, 

Def. — polygon of k sides is called an n-gon. 

(l) In a given circle to inscribe a regular #r-gon. 

Divide (if possfole) the circumference into n equal arcs- 
at the points A, B, C, D, E, F, G. 



Then the chords AB, BC, CD . . . will form the- 
inscribed regular s-gon 

arcs AB, BC ... are equal, \Corsf, 

chords AB BC . . . are equaL [Frqp. 35 
Hence the ff-gon is equilateral. 

Again, arc AB = arc CD ; 

.*. arc AB — arc BC^^vac j 5 C— arc CDi 
i e arc ABC= arc BCD ; 

AABC=^AJBCD. 

[Ang&s in equal segments,- 
In the same way it may be shown that all the angles o? 
the »-gon are equal 


It 
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Hence the n-gon is equiangular. 

But we have already shown it to be equilateral 
Therefore the «-gon is regular 

(n) About a given cirde to circumscribe a regular 
«-gon 

At the angular points of the inscribed regular «-gon 
draw tangents PQ, QR . then these tangents will form 
the circumscribed regular «-gon 

Each side of the inscribed »-gon subtends the same 
360° 

angle at the centre, viz - — 

« 

Therefore AAOB = jLBOC = . 

Now, in Ab BOQ, COQ, 

OB^OC, [Ra,in 

• • QB = QC, \Tiao iattgen1sfromaJ>otnt 
\OQ=OQ, 

As are congruent, \Prop 13 . 

and j1LBOQ = ^COQ 


Similarly, A.A OB = jLBOP 

= X^36o‘> 

" « 

A.BOP=A.BOQ, 
Again, in As BOP, BOQ, 

(A.B0P^/U30Q, 

• \/LOBP^A.OBQ, 

[ OB=OB, 

As are congruent, 
d BP=BQ 

In the same way it maj be proved that 
CRz=CQ 


Again, in 


[Provea 

angles 

\Prop 10 . 
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Therefore PQ? = zBQ and QB = 2 CQ. 

But jBQs^ CQ, being t\\o tangents from the same point 
to a circle. 

Therefore PQ = QB = . . . 

Tims the ;/-gon BQB ... is equilateral 
We ha\e also jLPQB = supplement of /LBOC^ 

.360“ 


! supplement of Z.- 


n 


Thus all the angles F, Q, B . . arc supplements 
of the same angle, and are therefore equal 

Hence the «-gon FQB . . is both equilateral and 
equiangular 

Note — ^The co’"- tractions gnen abo\e can only be 
cfTected in those cases m which it is possible to divide the 
circumference of a circle into a number of equal parts 
Some of these important cases are given m the exercises 
which follow. 


EXERCISES 

1 In a given circle msertie a regttlaf hexagon 

If a cliorcl equal to the radius he pheed in a circle, the angle 
subtended by the chord at the centre of the circle is clearly equal 
to two- thirds of a right angle It follows therefore that if six 
chords, each equal to the radius, be placed end to end m a circle, 
the sum of the angles subtended by tnem at the centre of the: 
circle is equal to four right angles 
Hence six chords so placed will com- 
pletely go round the circumference 
and form the sides of the inscribed 
hexagon 

2 Ctteumsenbe a regular hexagon 

ahont a given circle * 

3 Inscribe an equilateral triangle in 
a given circle 

Join the alternate angular points of 
the inscribed hexagon 
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4 Ctrettmsenbe an eqtttlaleral triangle about a given eirele 
6 Show that the area of the inscribed equilateral triangle is equal 
io half the area of the inscnbed regular hexagon 

6 The area of the inscnbed regular hexi^on is three-fourths of the 
area of the circumscribed reguK* hexagon 

7 Show that the area o' the circum- 
scnbed regular hexagon is two thirds of the 
area of the circumscribed equilateral tn- 
angle 

8 An equilateral fnanglc and a regular 
hsxatmn its ^iscnbed in the same circle , 
show that the square on the side of the tri- 
angle IS three times the square on the side 
of the hexs^on 

9 Inscribe a square tn a given circle 
Two perpendicular diameters will divide the circumference into four 

equal parts 

10 Circumscribe a square about a given circle 

11 Show that the inscribed square of a cucle is half the circuin* 
senbed square. 

12 Show that the square desenbed on the radius of a circle is half 
the inscribed square 

13 Inscribe a regular octagon in a given circle 
Draw the bisectors of the angles 

between two perpendicular diameters. 

The^efour lines will divide the circum- 
ference into eight equal parts 

14. Circumscribe a regular octagon 
about a given circle 

16 Shaw that vihen a regular n-gon 
has been inscnbed in a circle a regular 
^'an-gon can be inscnbed by simply bisecting 
,^ihe arcs 

16 In and about a given circle constntet a regular dodecagon 

17 In and about a circle of i" radius desenbe an equilateral tnangln 

18 insenbe a regular hexagon in a circle of 3 cm radius 

19 In and about a circle of 8" radius desenbe a square 

20 In and about a circle of r 3" radius construct a regular octagon 

21 In a arcle of i 2" radius place two co terminous chords which 
are respectively equal to the sides of an inscnbed equilateral tnahgle 

•N^and a square. 
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S2 In a circle of 5 cm radius inscribe an equilateral triangle, a 
regular hexagon, and a regular dodecagon 

23 In a circle of 4 5 cm radius inscnbe a square and a regular 
octagon ; also construct the arcumsenbing regular octagon. 


Proposition 75. — ^Problem 

N 

To constnrcl a fourth proportional to three given straight *■ 
lines. 

Let a, b, e be three given straight lines. 



It IS required to construct a fourth line ar, such that 

- fit c 

b X 


Take OX^ O Y any tw o lines, making an 
On OX step off OA, OB equal to a and 
and on OY step off OC equal to e 
Jom AC. 

Draw BD H AC, meeting OY \n £> 
Then OD = a. 

For in bxOAC the straight line BD is 
to AC , 

. OC 

•' OB OD' 


angle 

b respectively ; 


drawn parallel 
\Prop. 45. 


i,e. 


a _ c 
b~'OD' 


Hence OD is the required fourth proportional. 
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EXERCISES 

1 To find a ilitrd proportional to two given lines. 

Let a, b be tbe tv^o given lines It is required to End a third line x, 
uch that 


Take tno lines OX, oyas above 

On OAT set off OA=a, OB=b , and from OY cut off OC=:OB=b, 
Join AC, and draw BD parallel to AC Then OD is the required 
third proportional 

2 Find by construction a fourth proportionp to tliree lines uhose 
lengths are I 7", 2 3", and 2 9". 

I 0 X ^ I 

3 Find geometrical construction the value of taking 

I cm as unit 

4. Measure a line 3 3" long, and divide it in the ratio of 3 8 

5 Divide a line 4" long in the ratio of 2 3 3 

6 Construct a tnangle whose perimeter is 6", and whose sides are 
in the ratio of 3 4 5 

7 Find by geometrical construction the value of taking 1* 

as the unit of length 

8 Construct a leetang^ equal tn area to a given rectangle, ana 
having one side equal to a given straight line 

Let ABCD be the given rectangle and L the given straight line 

From AB, produced if necessary,. 

/>_; .C cut off /tiff equal to Z. 

C ' .’i'' ' ■ ^ F 

Draw .5(7 11 iff 

Complete the rectangle AEFG 

n.l > — '> I "" J - In EAED, BG H ED, 

1 BE AB_AG 

1 ^ ’ AE~AD’ 

\ te AE AG=AB AD 

Hence we have constructed a rectangle of area AB AD, and having 
tne side equal to L 

9 Construct a rectangle containing an area of 2 sq in , and having 
a side 2 9* long 

Draw a parallelogram with sides 2" and 3", and included angle 
of 45% on n base 2 3* long construct p rectanele of eouiv^lent area. 
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11 Draw a rhombus of $ cm side, and having an angle of 6o" , con- 
struct a rectangle of equivalent area, and having one of its sides 3 7 
cm long 

12 Construct a rectangle having a side 2 3" and the same area as 
that of a tnanglc whose sides are i 8", 2", and 2 2" 

13 Construct a parallelogram containing an area of 2 sq in , and 
hav ing adjacent sides i 5" and 2 5" 

14 Construct a tnanglc, one side 2 2", area 3 sq in , and one angle 
of 60* 

16 Given two intersecting lines and a point Ijing between them, 
through the given point draw a straight line so that the segments 
intercepted between the point and the given lines may be in the ratio 
of3 S 

16 Given two intersecting lines and a point Ijmg outside the angle 
formed by them, through the point draw a straight line so that the 
segments intercepted bctw'cen the point and the giv cn lines maj be in 
the ratio of i 3 

17 Construct a rhombus, having the same area as an equilateral 
tnangle of 2" side, and having one of its angles equal to an angle of an 
equilateral tnanglc 


Proposition 76 — Prodlem 

71; Lonsimrt a mean proportional to two given stiaight 
lines 

Lut a, b be the two given straight lines It is required 

to construct a straight line % such that 

ax , 

- = 7 - , ox X^ = (U/. 

X b 





y 


£. B 


X 


cr 

b 


From any straight line AX cut off AL — a and LB = b 
On AB describe the semicircle ACB. 
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Draw LCJLAB to meet the circumference in C. 

Then LC is the required mean proportional 
ACB IS a semicircle, 

A.ACB is a rL Z- \Ptop 41. 

In the right-angled triangles ALC, BLC, 

ILCAL = complement of ILA CL = /LBCLt 
As are equiangular. 


Hence 


LC LB' 
LC^-^AL LB 


Therefore LC is a mean proportional to AL and LB^ 
1 e to a and b 


EXERCISES 

1 Tmd by construction a mean proportion'll belli ecn two lines 
whose lengths are 4" and 1', and check by measurement 

2 Find by geometneal construction a mean proportional to tiio lines 
of lengths 4 5 cm and 2 cm respectively 

Check the correctness of the drawing by measurement 

3 Taking one centimetre as the unit of length construct the lines 
whose lengths are <y/(S) and *y(6) respectively. 

4 If X, y, c, « be the lengths of four given lines, show how to 
construct the line whose length is 

\f(xyzu) 

5 Taking i" as the unit of length construct the line whose length is 

inches 

6 From any straight hne OX cut off' OAi=a, OL=b, on OA 
describe a semicircle, and draw LC at right angles to OA to meet the 
semicircle in C, join OC 

Froroe that OC is a mean proportional to a and b 

Note — In practical geometry this construction is required tc often 
as the one given in the text 
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^pRorosniov 77 — 

To fonsintcf a square ontal in area fr a ^zrn folyj^tm 
Wc »rn coii'sinjct 1 triangle cijinl to the gi\cn pol}gon 
(Prop 6t) and then con«itruct a rectangle equal to tins 
Iriarglc (Prop 65) 

'riui'; the problem K reduced to — 

7'i.e (oi.sttueUon of a iq tare equal tt area io a ^tven 
tecian\:le 

let AJSCD be the rect- -*/: 

-angle. 

Produce ✓//>, and tut off / 

...f 


V. 


»•* 

\ 

w 

'■'U 

, a 

I 
I 

/ 
e 


/? 


C 


ISP cipial to JSC. I 

On .IP as diameter dc- ^ 
senbe the semicircle API. 

Product CP to meet the 
circumference m L 

Then PL is a side of the required square 
The ^ IS a rt Z., \rrop 41. 

In the right-angled triangle ALP^ LP is drawn a 
perpendicular from the right angle on the hypotenuse . 

/. LP-=>AJS.PP. [P/flp 76. 

But PP'-PC\ [Const. 

LIP ^ A P. JSC 


EXERCISES 

3, Draw .arirfuigb wuli sales 2 cm ami S cm , construct a sti« ire 
equal to at in am 

2 Construct a square equal in area to a rectangle whose sides arc 
5' and 1,1?' Cliccic b) calculation and inca'urcmcnt 

3 , Drav' a jiarallelograni with sides T.7" and 2 3", and included 
angle of 30* , construct a scjuarc of cquisalcnt area 
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4 Construct a square equal in area to a triangle whose sides are- 

I 9", 2 3". 2 S" 

6 Construct a square equal in area to a rhombus uhose side is 6 cm , 
and one of whose angica is of 6o’ 

6 Gwen one side of a rectangle which is equal in area to a given 
square, find the other side 

T Draw the quadrilateral in which EC!= 2 ''~CD, 

AD=-‘^', and AC= 4 ' , construct a square equal to it in area 

8 Construct a right angled triangle equal in area to a given polygon, 
and having one of the sides containing the right angle twice as great as 
the other 

9 Construct a right-angled isosceles tnangle equal to a given 
polygon 


MISCELLANEOUS EXERCISES —VI 

1 To a circle of i 5" radius draw a tangent from a point distant 2 5* 
from Its centre Calculate the length of the tangent 

2 Through a point distant 3 7" from the centre of a circle of radius 
I a" draw a pair of tangents to the circle, and find their lengths 

3 In the last exercise find the distance of the chord of contact from 
the centre of the circle 

4 Find a point outside a circle such that the chord of contact of 
tangents drawn from it to the'ciccle is equal to the central distance of 
the point 

6 Find a point outside a given circle from which tangents drawn to 
the circle contain a given angle 

Find also the locus of all such points 

6 Find a point outside a given circle from which a tangent is equal 
to the diameter of the circle. 

7 Draw two circles of radii 1 cm and 4 cm , touching one another 
externally , find the lengths of their common tangents 

8 If two circles touch externally, one of tliew common tangents 
bisects each of the other two 

9 Draw two circles with radii 6 cm and ii cm and centres 13 cm 
apart , draw their direct common tangents and calculate their lengths 

10 Draw two circles with radii 2 1 cm and 4 2 cm and centres 
6 5 apart , construct their common transverse tangents and 
calculate their lengths 

11 In an equilateral tnangle the circumcentre and uicentre arc- 
coincident, and the circumradius is double of the inradius 
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12 Wnt is tlic simplest construction for drcumscnbing a arcle 
*bout a nght-angled trnngle? 

13 Proic that if tbt. inccnirc and circumccntrc of a triangle coincide 
the triangle is equilateral 

14. 7 ne an^e lei teet the nrettn radius to tie sertex cf a tricngle 
Avd tl e ait it tde tl roit^h t/ 1. vertex is equal to tie differ Ltice cf th~ base 
at ffes cf tl e triangle. 

15 If the join of the incentrc and circumcentre of a tna^glc pass 
throjgli an angular jxnnt the tnangle i* isosceles 

Intersection of Loci. — hen a point is required to 
satisfy two gi\en conditions its position maj be determined 
in tlie following wa.) — 

First find the locus of the point on the assumption that 
It satisfies the first condition onlj. 

Xe.\t find the locus of the point on the assumption that 
It satisfies the second condition onlj. 

Then the points of intersection of the loci will ca'isi) 
each of the giten conditions 

We ha\e already had examples of this method, and a 
few more t\ill be considered here, 

16 Tti.d a foiut x^I-eh si all le at given distances r, as d r^from 
two fixed foints Act d D rcsfectivih 

The locus of a i»omt w hich is at a distance r, from A k a. circle 
whose cen'rc is A and radius -i 

The locus of a point as Inch is at a distance r„ from /> is a circle 
whose ccnlrc is D and rari s r^ 

Hence the rtqui'-ed pom* is determined bj the intersection of these 
two circles, 

litre there ate three casts to In. considered — 

(l) IXTita 

The circles will intcrcccl in luo points, ncnce there are two 
sotutioi s to the problem. 

(11 ) When /-n r^<.Ar> 

The circles will not intersect, hence there is no solution, 

<iu ) When r^~rn=^AB 

The circles will touch at one point, hence there is one solution 
onl} 
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Thus with the given data there may be two solutions, one, or none, 
according as the sum of the given distances is greater than, equal 
to, or less than the distance between the given points 

17 Construct a triangle, having given the area, the base, and the 
median bisecting the base 

Since the base is given we are r^uired only to find the position of 
the vertex 

The basi. ind area being given the altitude is known \Prop 21, Cor 2 
When the altitude and base of a triangle are given, tlic locus of the 
vertex IS two straight lines parallel to the base, on either side of the 
base, and at the distances of the altitude from the base 

"V^en the median bisecting the base of a triangle is given, the locus 
of the vertex is 1 circle, whose centre is at the middle point of the base, 
and whose radius is equal to the given median 

Hence the position of the vertex is determined by the points of inter- 
section of the two parallels and this circle 

By drawing a figure the student will find that there are three cases 
to be considered — 

(I ) When the median > the attitude there are four solutions 

(II ) When the median < the altitude there is no solution 

(in ) When the median 3= the altitude there are two solutions and 
both the triangles are isosceles 

18 Find a point equidistant /tom three given straight lines forming 
a triangle 

Let X, Y, Z be the three given straight lines 
The locus of a point equidistant from X and Y is the pair of lines 
which bisect the angles between X and Y {frop 31 

The locus of a point equidistant from Y and Z is the pair of lines 
which bisect the angle betw een Y and Z 

Hence the point equidistant from X, Y, and Z is determined 1^ the" 
intersections of these two pairs of lines 

Now two pairs of lines will intersect in four points, therefore there 
are four points which are equidistant from the three given Imes, viz. 
the ineentre and the three excenties of the triangle formed by the lines 
*19 Describe a circle which shall touch two given straight lines and 
pass through two given points 

*20 Desenbe a circle which shall pass through two given points 
and touch a given circle at a given point 

21 Construct an isosceles triangle, being given the base and vertical 
angle. 

* In 19 and ao find the conditions that a solution may be possible. 
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22 Find a point at given distances from two intersecting straight lines. 

Show that there are four such points, and that they form a 

parallelogram 

23 Draw the triangle ABC^ having given a=^ cm , h=^ 5 cm , 
r=4 cm , find a point which is equidistant from B and C, and which is 
at a distance of 2 4 cm from A 

24. Draw the tnangle ABC in which a=z 9", i=s2 3", r=3 5", 
And a point equidistant from AB and AC and at a distance of i 2* 
from BC 

Show that there are four solutions 

25 An equilateral rccitltneal Jiguie inscribed in a circle is also 
equiangular 

26 An equiangular rectilvuat ^figure inscribed in a circle has its 
alternate sides equal 

In As ABC, BCD, 

{ZABC=ZBCD, [Hyp 
*. /JiAC=/_BDC, [Prop 40 
V. BC=^BC, 

. As are congruent, [Prop 10 
and AB^CD 

Similarly, BC—DE 

27. An equiangular reetihneal Jlgure 
with an odd number of sides inscribed in 
a circle is also equilateial 

28 An equiangular rectilineal figure 
described about a circle is equitalo al 

29 An equilateral rectilineal figure described about a circle is equi- 
angular if the number of sides be odd • 

30 On a given finite straight line construct a regular hexagon 

Let AB be the given straight 

line 

Produce AB and cut olf BP— 
AB On AP describe a semicircle 
and divide its arc into three equal 
paru by placing chords PC, CO 
equal to the radius 

Then BC is a side of the hexa* 
gon and 0 is the centre of its cir* 
cumscribing circle 

The figure can be completed ly 
pladng chords equal to AB in the cucumference of the circle ABC. 
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31 On «. straight line 3 cm long describe a regular hexagon, and 
pro\ e that six of it<; diagonals are parallel in pairs 

32 On a straight line I 6" long draw a regular hexagon, and inscnbe 
a circle in it 

33 On a straight 1 ne 3" long construct a regular hexagon , join the 
alternate angular points, and proi e that the joins enclose another ri^ular 
hexagon 

Inscribe a circle in the smaller hexagon 

34 Show how to cut out a regular hexagon from a given equilateral 

triangle ' 

35 On a given finite slraignt line emstmet a regular oeiagon 

Let AB be the given straight line 
Produce AB and cut off BP=- 

BA 

On AP describe a semicirdc, 
and diMde its arc into four equal 
' parts ly bisecting the arc AP in Q 
‘ and the arc QP in C 
Join BC 

Then BCis a side of the octagon 
For ^BP=-\ (right angle) 

P' iConst 

= external ^ of reg 
octagon 

Draw the circumcircle of tlie 
triangle ABC, and step off the chord AB round the circumference 

On a straight Ime 1 4" long construct a regular octagon, and 
inscribe a arcle in it 

37 Construct a regular octagon of 4 cm side , join the alternate 
angular points, and pro\ t that the joins enclose another regular octagon. 

38 Show how to cut out of a gixcn square a rc^lar octagon 

39 On a gixcn straight line describe a regular dodecagon 

40 Describe a regular dodecagon of 3 cm side, and in it inscribe a 
circle 

41. On a straight line i S long describe a tegular dodecagon , join 
the alternate angles to form a r^ular licxagon, and join the alternate 
angles of the hexagon to form an equilateral tnanglc 

42 With the notation of tin. exercises in Props. 69 and 70 prose that 

r rj r-=A®. 

43 Prove that m the figure of Prop 70 the triangles J^BC, I^CA, 
IjAB are equiangular 
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^ Construct *1 triangle, having gi\en the centres of its three escribed 
•circles 

45 Construct a triangle, having given two of its cxcentres and the 
inccntrc 

46 /« tie tnangh ABC the btvttor of the vertical angle meets tnt 
ctrcumcircle of the triangle again tit M 

Prove that A. 

JlfB=llfC=:Jlf/, 
whtte T u the tncentre 

47 Given the base and vertical angle o^ 
n triangle, find the locus of its iiicentrc 

48 Given the base and vertical angle of 
a triangle, find the locus of its excentre 
opposite the given vertical angle 

49 Describe three circles, each touching B 
two sides of a given mangle and its incirclc 

50 Draw a triangle wath sides 4 2", 3", 

and 4 5" , construct three circles, each touch- , ^ 

mg two sides of the triangle and its inarcle ' t 

61 Construct a rhombus, having given 1/ 

the radius of its inscribed circle and one of / 

its angles 

62 With the usual notation prove that 

7rx=(j-i)(j-<r) 

63 In the figure of Prop 70 prove that 

AI AIi=bc, BI BJn=ca, Cl. CI^=ah 

64 insenbe a circle 111 a given sector of a circle 

65 Construct a triangle, having given the vertical angle and both 
the inradius and circumradius 

66 Construct a mangle, having given the vertical angle, the base, 
and the inradius 

67 Construct a tnangic, having given the base, the vertical angle, 
and the exradius corresponding to the given vertical angle 

68 Describe three circles touching each other externally and having 
iheir centres at tlie angular points of a given triangle 

69 Insenbe three c.rcles in an equilateral triangle, touching each 
other, ana each of them touching two sides of the triangle 

60 Inscribe three circles in an equilateral triangle, touching each 
other, and each of them touching one side of the triangle. 

61 Prove that the inradius of a triangle is less than any one of the 
three exradu 
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62 Construct a triangle, having gia cn the base, the vertical angles 
and the perpendicular from one extremity of the base on the opposiU 
side 

63 Construct a triangle, having given the base, the sertical angle, 
and the point where the bisector of the vertical angle meets ths base 

64 Find the locus of points from which tangents drawn to a given 

circle are at right angles to each other 

yj 66 In a given eqmlaierat triangle 

tnscnhe anolhet equilateral triangle 

• ''"■ '» having each side equal to a given 

• / /\ '• itraight line 

I < / '^ ABC be the given equilateral 

I I / /- - - ^ triangle, and FQR the inscribed tn- 

*, \ I // I angle, having each side equal to the 

\ ^ ' given line c Let each side of the 

' y given triangle be equal to a 

y Draw the circumcircles of the two 

B ' triangles, and let their radii be R and r 

Q - A little consideration will show that 

these circles must be concentric. 


S'- '' 


Id LAOS 


InLPOR 


R 


[Prof 68, Exs. 


«=*/3 r, 
a c=R r 

Thus r IS a fourth proportional to three known lines <t, r, and R, 

Hence the construction 

66 In a given square mscnbe another squaie having each side equal 
to a given line 

67 In a given hexagon mscnbe another hexagon having ea^ side 
equal to a given line 

68 Describe sue equal circles, each touching a given circle and two 
of the SIX. 

69 Desrnbe three equal circles to touch each other and a given 
circle 

70 Fiove that a rectilineal figure which is described about one and 
inscribed m another of two concentric circles must be regular 
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MISCELLANEOUS PROPOSITIONS 

In this book we shall discuss certain elementary pro- 
positions which are not included in the syllabus for the 
Matriculation Examination, but are of importance to the 
student, as they contain a few fundamental facts m geo- 
metry with which he ought to beeome familiar at an early 
stage in his mathematical studies 

Except in the case of the simplest propositions, we shall 
generally give short outlines of proofs, and we shall expect 
that the student, with the help of the teacher, will write out 
full proofs for himselC 


SECTION I— SEGMENTS OF A LINE 

In order that we may be enabled to use the formulae, 
of Algebra in investigating geometrical theorems it is 
ncetssary that we should regard a length m geometry 
to possess both magnitude and sign 

Consider an indefinite line X'OX extending on both 
sides of a fixed point O, which we shall call ih'* origin 
If lengths measured from O in the direction OX be 
considered positive, then those measured from O in the 
opposite direction OX' are considered negative 

JP O A B X 

Again, if XB, the segment measured from A to B, bo 
considered positive, then BA, the segment measured from 
B to A, IS considered negative 

Hence, using the_ symbols of algebra, we have 
-BA (i) 

It IS clear from the above figure that 

AB=OB-OA (il) 

A little consideration will show that this formula is 
true for all positions of the points A and B on th^ line 
XOX 

3 ~B ~X 

i6z 
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For OB-OA=OB + AO [By (1 ) 

= AO + OB [Cha 7 iging order of terms 
= AB 

The whole theory of a divided line is based on the 
formula; (1 ) and (11 ) , the student ought to satisfy himself 
of their universal truth by taking the points A and B in all 
possible positions relatively to the fixed origin O 

Def — Pomis which he on the same straight line are said 
to be collmear 

Proposition I 
Euler’s Theorem 

If A^ B, C, D be any four collmear fotnfs, then 
AB CjD + AZ> BC+AC jDB=^ 0 , 

A B C 

Take A as origin, and let AB = b, AC =c, AjO = d 
Then CB = d-c, BC=c-b, DB= -{<l-b). 

Hence AB CD + AD BC+AC DB = b{d — c)' 

+ d{e-b)-c{d-b) 
= bd - be + dc — db — cd + be 
= O 

Proposition II 

If M be the middle point of the line AB and O any otJ^r 
point on the line, then 

OM=^{OA + OB) 

Take O as ongin . 
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We have AM — MB , \Hyp^ 

. OM- OA = OB- OM [By (lu). 

Hence 0M= ^{OA + OB'). 


EXERCISES 

1 If A, £, Che three colUnear points, then 

EC+CA+AB=0 

2 If A, B, C, D he four collinear points, then whatever be the 
order in which they sire situated — 

AB+BC-CD+DA=0 

3 If yl, B, C, 2), £be fi\e coUinear points, then whatever be the 
order in which the> sire situated — 

AB BC Ar CD DE + BA = O 

4 If A, B, C he three collinear points, and 0 anj point whatever, 
then 

h0BCTB0CA-^0AB=0, 

r^ard being had to the signs of the areas as well as their magnitudes 

6 it A, B, C, D be four collmear points, and O any point what* 
ever, tnen 

t.OAB.LOCD-hSOAD &OBC+AOAC t^ODB-O, 

T^sird being had to the signs of the areas as well as their magnitudes. 

6 In the figure of Prop II prove that — 

(i ) OA--^OB^=AJP~B.IP-r20SlP , 

(u ) OA^- 0B^=z4B JfO , 

{ui )0A OB= OJP ~ AJP , 

{ir) 0A^-^0B^=ABP+20A OB 

7 If from an> point O a perpendicular OL be drawn to the line 
AB, then 

0A--0B^=zAEP.^2AB BL 

8 If CP be any line drawn from the vertex to the base of the 
tnangle ABC, then 

AP CB^-BP CA^=AB{CP^-AP BP) 

9 If A, B, C he three colbnear points, and P anj other point 
whatever, then 

AF^ BC-i-BF CA-^CP^ ABj-BC CA AB=0. 

10 T A, B, C, Phe four collinear pom S then 

AP^ BC+BP^ CA + CP^ AB+.tC.CA AB=0 
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Medial Section 

Def — IF/icn a siratgki line ts divided into iwo segments 
such that the lectanglc contained by the whole line and one of 
the segments is equal to the squat e on the other segment^ the 
line IS said to he divided in medial section. 

A ? ~B 


Thus AB IS said to be divided in medial section at the 
point P il 

AB PB^Ar- 

As a consequence of this relation vve have 
AB^AP 
AP~PB’ 

t e the ratio of the whole line to one segment is equal to 
the ratio of that segment to the other 

Hence the line is also said to be divided in extreme 
and mean ratio. 


Proposition III 

To divide a given straight line 
in medial section 

Let AB be the given straight 
line On AB describe the square 
ABCD 




-iff 

I 


/I' — ; 
' ! ' 






Uisect AD m E, and from ' 

DA produced cut off EF equal 5 

to EB On AF construct the L 
square AFGP. ^ 

Then AB is divided in P as required 
Produce GF to L 




•I 

c 
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Now rect FL = DF FA 

= (EF+FA){FF-EA) 

= EF”--EA- 

= EB^-EA" [Const 

= AB^ [Bi /, Ffop 27 . 

From each of these equals take away the rect AL , 
then fig BC, 

te AJ^~ = AB FB 


EXERCISES 

1 Prove that DF is divided in medial section 'll A 

2 Prove that FG, CB, and DP meet in the same point 0. 

3 Prove that DO is divided in medial section at P 

4 Prove that 

AN--^PB^-=^lAP^ 

5 Prove that 

{,AB^PBf~$AI^ 

6 Prove that 

AF^-PB^=AP PB 

7 From PA cut off PQ, equal to PB , pro\e that AP is diiided at 
Q in medial section 

8 Prove that DP is perpendicular to BF 

9 Proi., that LF -a parallel to CP 

10 Prove that 

AB^-AP^=AB AP. 


Proposition IV / 

/V 

If the radius of a circle be divided in medial section, /he 
greater segment ts equal to a side of a regulai decagon insaibed 
tn the circle 

Let AB be the radius of a circle whose centre is ^ , 
and let AP be divided at P in medial section, so that 
AP^ = AP PB, 
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then .iP IS equal to a side of a regular decagon inscribed 
in the circle A 

Place in the circle a chord 
J 3 C equal to AP 

Join CP, AC 

Draw the circumcirclc of the 
triangle A PC 

Then AP PB = AP~ [//i/. 

= BC\ [Comt. 

BC IS a tangent to the circle 

APC [Prop 44, Cor. 2, 

Now A.BCP== A.CAP in the alternate segment 

[Prop 43 

And Z.CPB=-.y.C IP+APCA [Prop Cor. 
= A.BCP + A.PCA 
^A.BCA 

= A.ABC, [Prop II. 

. iLCPB ^ r^CBP , 

CB=CP [Prop 12 

= AP. [Const 

Again, • CP= AP, 

A.CPB = 2A.CAP [Props 1 1 and 7, Cor. 

Therefore /LCBA = z/LBAC 

Thus wc have constructed an isosceles inangle ABC, 
havin’^ a given side AB, and having each of the angles at the 
base double of the angle at the vertex, 

Sinee all the angles of the triangle ABC are together 
equal to two rt Z.s, 

/LBAC-\ of 2 rt Z.S 
= -yV of 4 rt jL&, 

Hence BC or AP is equal to a side of a regular decagon 
inscribed in the circle whose radius is AB. 
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EXERCISES 

1 In a arclc of l 4" radius inscnlie a regular decagon 

2 Jnscrtbe a regular pentagon m a given circle 

3 In a circle of 3 2 cm radius inscribe a regular pentagon, 

4 About a circle of 1" t adnis desei the a t egtilar pentagon, 

5 Construct angles of 36°, 72°, 54”, i8“, and 108° 

6 Dvtnde a right angle into fire equal parts 

7 Divide a right angle into fifteen equal parts 

8 In a given circle inscribe a t egiilar qitindecagon 

Let AB be a side of an inscribed regui.ii 

pentagon, and AC is side of an inscribed 
equilateral triangle 

Bisect the arc BC in M, and join BM% 
then BM is a side of an inscribed regular 
quindecagon 

For arc ^Cs= circumference^ 
and axe AB= i circumference , 
arc BC=-fg circumference, 
and arc BM=-^ circumference 
9 On a gtien base describe an isosceles 
triangle, having each of the angles at the base double of the vertical 
angle 

10 In the figure of this proposition prove that — 

(i ) Z_APC=^ZPAC=llPCA 

(11 ) CP IS the side of a regular pentagon inscribed m the circle APC 

11 On a given straight line as base describe an isosceles triangle 
having each of the angles at the base one-third of the vertical angle 

12 On a given base describe a legular pentagon 

13 Describe a regular pentagon having each side 2" long 

14 In the figure of this proposition, if D be the other point in which 
the circle APC cuts the circle A, then prove that— 

(1 ) As ^ CD, ABC are equiangular , 

(u ) AD is parallel to CP , 

(ill ) PD is parallel to BC , 

(iv ) PD is equal to AB 

16 If regular polygons of five, six, and ten sides he inscribed in 
a circle, then the square on the side of the pentagon is equal to the 
sum of the squares on the sides of the hexagon and decagon (Euclid, 
Uc. xui. 10 ) 


A 
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Harmonic Section 


Def — A line AB is said io he divided harmoni- 
cally at two foints X and Y when the ratios and 

JSX JS Y 


of the two />am of segnwi.ts into which it is divided are 
equal in nui^hitude and opposite in sign 


I 1 1- 

J A' B 


y 


The line AB is divided at X internally m the ratio of 
AX BX, and externally in the ratio oi AY BY. 

'1 he second term of tiie first ratio is negative, but both 
terms of the cecoml ratio are positive 

Notice also that according to the fundamental formula 
^11 ), the difiercnce of the segments is m each case equal to 
the length of the gi\en line 

Thus AX - BX= AB and AY- B Y= AB. 

Def — The points X and Y are called harmonic 
COnjug^ates with respect to the points A and B, and 
AXBY is called a harmonic range 


EXERCISES 


1 If A*, J'-irc harmonic conjugitu! witli respect Xa A, B, then A^ 
B arc Inrmonic conjugates svilh respect 10 A', Y 

2 If AXliy\x. a harmonic range, pro\e tint — 

^ AJi~AX'^7iy' ^Al ~XA^XB 
3. If Alhc the micUIlc point of A'l'’, then AA A y=AB AM. 

4 If A, A' and B, B' be harmonic conjugates, jirosc that — 

_L + = 

A'B^A’/r A'A 


, 6 The wterual and external bisectors oj the vert teal angle oj a triangle 
divide the base harmonically 
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Proposition V 


The Apollonian Locus 


Tlie loan of a point, the ratio of whose distances from 
two fixed points is constant, is a circle 



Let A, B be the fixed points, and let P be any point 
on the locus 


Join PA, PB 

I^t the bisectors of the internal and external angles at 
P meet AB in X, Y Then 


AX A Y 

'^y— tlie same constant 


{Hyp, 


[Bl I, Prop 49 

Therefore X and Y are the harmonic conjugates of A 
and B, and are consequently fixed points 
Again, A.XPY is a rt Z. 

Hence the locus of is a circle described on XY as- 
diameter 


EXERCISES 

1 Fmd a point whose distances from three gnen points shall be l» 
one another in the ratio of three given lengths 

2 Draw an equilateral triangle of 3" side, and find a point whose 
distances from the angular points of the triangle are in the ratio of 

2*3 4 
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Dnr — A set of lines which pass ihtough the same point 
are said to be concurrent. 


Proposition VI 

If three conatrrent lints LO, MO, jVO intt/^cif the sides 
BC, CA, AB of the it tangle ABC at tight angles in L, 
M, N, then the segments of the sides satisfy the 1 elation 
{Bn - CD) ^ {CM"' - AM^) + {AN- - BN") = o , 
and conversely, if the above 1 elation be satisfied, the perpen- 
dtatlars through L, M, N to the sides of the ti tangle ate 
eoncurrent 


A 



•/ Bn + on= oir- and cn + on = ocr-, 

\Bl{ I, Ptop 27 

.. Bn-cn^on-oc" 

Similarly, CM" - AM” ^OC"~ OA" , 
and AN"^ - BN" = OA" - OBT- 

Hence by addition we obtain the gn en relation 
To prove the converse theorem, let LO and MO meet 
in O , then if the perpendicular through N does not pass 
through O, draw ON' perpendicular to AB, and show that 
Wand N' must be the same point 
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EXERCISES 

1 Pro.e this proposition hj taking the point O outside the triangle. 

2 The nghl-biseclors of the sides of a triangle arc concurrent. 

8 The three altitudes of a triangle are concurrent 

4 The perpendiculars to the sides of a tnanglc at the jioints of con- 
tact of the three escribed circles arc concurrent 

u If three circles touch extcrnall), the tangents at the points of 
contact are concurrent 


Proposition VII 


InaugUs w'nch have i/u same altitude are to one another 
as their bases 


A 



Let AZ be tne common altitude of A: ABC, ACJD. 
Then AABC=\AL BC, 

and AACD='^AL CD \PrQp 21, Cor 2 


1 her'*fore 


AABC BC 
AACD~CD 


Proposition VIII 

Ceva’s Theorem 

If three concurrent lines AO, BO, CO drawn through, 
the an^ilar faints of a triangle meet the opfosite sides m 
A', B', C', then 
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Sut 


jrc.CA.A'B 

JiC CA* Air " ‘ 


Therefore equating the left-hand sides we get 
BA" 

CA"' CA' 


mp 


Hence the point A'' coinadts with -4'; 

AA\ BJi', CC are concurrent 
Expressed in words, the condition of concurrence states 
that — 

7ht piodml of (/iter alktnah stgmtnis equals the product 
of (he *hrit tematmug sigments 

In once also that this condition maj bcwriltcndown thus — 
Wtth the thric factors BC, CA, Ali above and btloio a 
fraction lint, accent the first letters aboxe and the second 
letters belenv, and equaU the result to unity 


EXERCISES 

1 The three medians of a tnangle are ecueurrent 

2 the htseelots ef the three angles of a triangle are eoneurrent 

3 /he thiee altitudes of a ti langle are eoneurrent 

4. The straight lines joining the vertices of a tnantde to tie fomte 
of eontaetof the tnsenbed circle svith the o/fosite sides, are eoneurrent 

B In Uic figure of this proposition show that — 

OA' OB' PC 
AA'^/iR’^CC~^ 

e The esettbed circles of a tnangle touch the sides opposite to the 
angles A, B, C tn A', JT, C’ nsfeettvely , prove that AA\ BIT, CC 
are concurrent 

7 With sides 3”, 3 2*, and 3 f draw a tmnglc ABC, divide the 
sides taken in order at the points A', JT, C in the ratios of 2 3, 3 * i, 
and 1 2 respcclu cly 

Pro\e that AA', B/T, CC are concurrent 

8 The sides BC, CA, AB of a tnangle taken in order are divided at 
the points A , B , C, tn the ratios ef m n, n I, and I rn respecltvelj , 

Prove that the lutes AA', BB', CC are concurrent 
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9 The lines fiom the vertices of a triangle to the points of contact cf 
an escnbcd circle are concurrent 

10 With sides 4" 4 3", and 2 7" draw a triangle, and draw its 
incircle and three excircles , exhibit the lines of £\s 4, 6, and 9 as 
■concurrent lines 


Proposition IX 

Menelaus’s Theorem 

Jj a transversal meet the sides BC, CA, AB of a triangle 
tn A\ B\ C', then 

B'C CA A'B 
BC CA' AB'~ 

and conversely, if three points A', B', C, tahen on the sides 
BC, CA, AB of a triangle, satisfy the 1 elation 
B'C CA A'B 
BC CA' AC~ ^ 

-then the points A', B', C are collinear 


A 



From A, B, C draw the perpendiculars p, q, r to the 
•transversal 

By similar tnaiigles we have 

B'C _r CA_p A'B _ q 
AB'~'$ BC~~q CA'~ r 
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Hence, multiplyrng, we get 

ffC CA A'B 
BC CA' AB’^ 

To prove the converse, let the ]om of B', G meet 
BC m A” Show that A” and A' are the same point 
Note — Ihe ratio A'B/CA' is negative, for one of the 
segments m this case must be negative When the trans- 
versal cuts all the sides externallv, the three ratios must all 
be negative Hence in all cases the product is negative 
unity 


EXERCISES 

1 7 At bisectors of the three external angles of a inangle meet the 
opposite sides in thru points, which are collmear 

2 The bisutors of two internal angles of a triangle and the bisector if 
the third external angle mut the opposite sides in thee collmear points 



SECTION II— MAXIMA AND MINIMA 
General Method 

Consider the perpendicular distances of a point P from 
a fixed line ICX as the point travels along the curve in 
the figure 

Starting from P^ the perpendiculars continuously in- 
crease until P^ is reached, and then they begin to decrease. 



At Pj the length of the perpendicular is greater than 
either its preceding or succeeding lengths. 

Beyond P^ the perpendiculars continuously decrease 
until Pg IS reached, and then they begin to increase. At 
Pg the length of the perpendicular is less than either its 
preceding or succeeding lengths 

After Pg the perpendiculars increase until Pg, and then 
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they begin to decrease; and at the length of the 
perpendicular is greater than either its preceding or 
succeeding lengths 

Beyond P^ the perpendiculars decrease until P^, and 
then they begin to increase , and at P^ the length of the 
perpendicular is less than either its preceding or succeeding 
lengths 

'1 hus we see that the perpendiculars at P^ and P^ arc 
greater than any other perpendiculars in their immediate 
\icinity , and, on the other hand, the perpendiculars at P^ 
and P^ are less than any other perpendiculars in their 
immediate vicinity 

We say, then, that in the course of change the perpen- 
diculars attain their greatest values at P^ and Pj, and their 
hast values at Pj and P^ 

Hence the terms “greatest” and “least,” as used her^ 
are relative and not absolute. 

Thus PjiVi IS the greatest perpendicular in the neigh- 
bourhood of Pj, though It IS less in absolute value than 

Def — When a geometrical magnitude, which chan^ 
continuously according to any laio, passes in the course 
of change through a value greater than either its pre- 
ceding or succeeding values it is said to be a maKimum , 
and, on the other hand, when it passes through a value less 
than either its preceding or succeeding values it is said to be a 
minimum 

In the figure given above notice that — 

(i ) Maxima and minima values occur alternately 

(ii ) "Very near Pj, and on either side of it, there are 
two perpendiculars of equal length, and if the distance 
between them be made indefinitely small they will coalesce 
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into one perpendicular vi hich is a maximum perpen- 

dicular 

(ill) Similarly, the minimum perpendicular is 

obtained by making two equal perpendiculars, on either 
side of coalesce into one 

(iv ) As a consequence of (11 ) and (in.) the tangents tc 
the curve at jPj, P^ P^ P^ are parallel to X'X 

From the above we conclude that a maximum or 
vitnimtim value of a changing magnitude lies between hvo 
equal values^ and may be obtained by making the two equal 
values coalesce into one 

In practice a position of maximum or minimum value 
of a geometrical magnitude is found by assuming that it 
has the same value for two consecutive positions which 
are indefinitely near each other 

Proposition I 

If two sides of a triangle be given in magnitude, the area 
IS a maximum when they contain a right 
angle. 

Let AB, AC ho. the given sides 
Suppose AB IS fixed in position, 
then the locus of C is the circumfer- 
ence of a circle, centre A and radius 
AC Let ACB be the maximum 
tnangl^ and let C be a point on 
the circumference indefinitely near to C Then 
AACB^AACB, 

CC'WAB. 

But the ]om of CC' is the tangent at Cj 

CC' J_ AC. [Bk. I, Prop 37* 
Hence ILCAB is a rt Z. 
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Proposition II 


Through a given point within a circle draw a chord which 
diall ait off a segment of minimum aiea from the arcle 

Let O be the given pjint, 
and let PQ be the minimum 
chord 

Let P'lf be a consecutive 
position of PQ 
Join PP", QQ 
Then 

segment PSQ = segment P'SQ', 
. AOPP’=^AOQ(f 
But these are similar triangles , 
\Bk /, Prop 40 
OP^-^Oq\ {Bk 7 , Prop 50 
ultimately OP= OQ 
Hence the required chord is bisected at the point 
Cor I — Tlu same chord cuts off the maximum segment 
PS'Q 



i e 


Cor. 2 — The same chord is the chord of minimum length 
though the given point 

Cor 3 — The straight line drawn through a given pointy 
whuh aits off the ti tangle of minimum atea fiom two inter- 
vcMig straight lines, is bisected at that point 


Proposition III 

Of strats;ht lines drawn from a given point to a given 
siiaii^ht line, the minimum is that which is perpendicular to 
the given straight line 
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Proposition IV 

Tht maximum oi minimum line, which can bc drawn 
from a given point to a given circle, lies in the direction of 
the diameter through the given point. 

Proposition V 


The diameter is the maximum chord of a arcle 



Let OP be a maximum or minimum, and let OQ be a 
consecutive position of OP, so that PQ is indefinitely small. 

Then OP=^ OQ, 

A.OP(2=^ OQP =rt A 
when P and Q coincide , 

OP J_ X'X 

In the second and third figures X'X is a tangent and 
PO a line through the point of contact perpendicular to 
the tangent , 

. OP passes through the centre 
Proposition VI 

If a given straight line he divided into two parts the rect- 
angle contained by them is a maximum when they aie equal 

Let AB be the given line and L the point of division. 
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On AB descnbe a semicircle, and let LP perpendiculai 
to AB meet the circumference in P 
Then AL LB = PL\ 

Suppose PL IS a maximum and QM a consecutite 
position of PL, so that PQ is indefinitely small 

Then PL=QM, 

PQ 11 LM 

Therefore the tangent at P 
IS parallel to AB 

Hence P is the middle point 
of the arc AB 
Therefore L is the middle point of AB 
Cor I — If tlte sum of two straight lints he given, the rect- 
angle contained by them is a maximum when they are equal 
Cor 2 — Of all isofenmetrical rectangles the square has 
the maximum area 



Proposition VII 

/« a given segment of a circle to inscribe a triangle ef 
maximum area. 

Let ACB be the 
given segment 

Suppose APB is the 
maximum tnangle and 
Q a point very near P. 

Then AAPBs= A A QB , 

. PQIAB 

Hence the tangent at jP is parallel to AB 
Therefore P is the middle point of the arc ACB 
Thus when the area APB is a maximum the triangle 
APB IS isosceles 

Cor. X. — Of all polygons of a given number of sides in- 
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scribed in a arch that which ts regular has a maximum 
area 

For suppose n-2 of the sides are kept fixed, and the 
remaining two AP and BP are allowed to vary, then 
the area of the polygon is a maximum ivhen AP= BP 
Similarly, by making PB and the next consecutive side, 
say BD, to vary, we see that the area is a maximum when 
PB = BD 

Thus, when all the sides vary, the area is a maximum 
w'hen the polygon is equilateral 

But an inscribed equilateral polygon is also equiangular 
Cor 2 — Given the base and vertical angle of a tnanglcy 
its area ts a maximum when the triangle is isosceles. 


Algebraical Methods 

Besides the general method illustrated m Props I -VII , 
we may employ Algebra for the determination of the 
maxima and minima values of geometrical magnitudes 


Proposition VIII 

If a sti aight line be divided into two parts the sum of 
the squares on them ts a minimum when they are equal, 

J et X and y be the two parts 
consider the identity 

2(x^ +y^ = (x +y)^ + (x ~yY 
Both the terms on the right-hand side are positive, and 
the first term is constant 

Hence 2{pP--\-y^') is a minimum when {x-yY vanishes. 
Therefore is a nummum when x =y 
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In the same way, by employing the identity 
^ab = (fl + 3)® — (fl - Vft 
we may prove that — 

Jf a straight lint bt divided into two parts, the rectangk 
contained by them is a maximum when they are equal 
Again, since (a + b)^ = /^ab + {a — b)^, we have — 

Jf the area of a rectangle be given, its perimeter ts least 
when it is a square 

It also follows from the above that — 

If the perimeter of a rectangle ts given, its area is greatest 
when it ts a square 


PROPOsmoN IX 

If the rectangle contained by two straight lines ts given, 
the sum of the squares on them is a minimum when they are 
equal 

This proposition depends on the identity 
a® + = zab + (o — 


I/PROPOSITION X 


Given the base and vertical angle of a triangle, the sum of 
the squares of its sides is a maximum when it ts isosceles 



Let AB be the given base , then 
the locus of the vertex C is the segment 
of a cirde described on AB as base 
and capable of the given angle. 

If D be the middle point of AB, 
then 

Bc^ +AC^= zAjy ^ + 2 err-. 


Now AD is constant , therefor^e left-hand side is a 
maximum when CD is a maximum.' 
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By the general method it can easily be shown that CJD 
is a maximum when the tangent at C is parallel to AB. 

Geometrical Methods 

We shall now give a few examples of geometrical 
methods for finding maxima and minima values 

Proposition XI 

If from two given points A and B on the same side of a 
given hne L shaight lines AP, BP he drawn to a point P 
tn L, ilicir sum is a minimum when they make equal angles 
with L 



Draw AC JLZ, and produce it to Z>, making CD equal 
to CA. 

Join DB, cutting L in the point P. 

Then prove that — 

(1 ) AP^ PB make equal angles with Z. 

(ii) AP+PB = BD. 

(ill ) If Q be any other point on Z, then 
AQ+QB=QD+QB. 

(iv ) From (ii ) and (111 ) deduce that 
AQ+QB^AP+PB. 
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Hence AF+FJB is a minimum when AF, PB make- 
equal angles with L 

Cor I — When A and B are on opposite sides of L the 
difference of AF and BF is a maximum when they make 
equal angles with L 

Cor 2 — If from two given points A and B on the convex 
side of the arc of a circle straight lines AF, BF be drawn 
to a point F on the arc, their sum is a minimum when they 
make equal angles with the tangent to the arcle at F 

For the arc of the circle in the neighbourhood of F 
may be replaced by a straight line, viz the tangent at F 
Cor. 3 — Within an acute-angled triangle find a point 
the sum of whose distances ftom the angular points of the 
inangle is a minimum 


Let O be the requured point 
Suppose one of the distances 
BO IS kept constant and the 
other two allowed to vary 

Then the locus of d? is a circle, 
centre B and radius BO 

We have to find a point O 
on this circle such that OA + OC 
IS a minimum 

By Cor 2, OA, OC must make equal angles with the 
tangent at O , hence they must also make equal angles 
with the radius OB 

Therefore A.BOC — A.BOA 

Similarly, by keeping OA constant %ve can show that 



A.BOA^A.COA 

Hence ABOC= A.COA = ABO A =120“ 

The above analysis leads to the following construction — 
On AB, BC describe segments, each capable of 120"^ 
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•then the point of intersection of these segments is the 
required point 

Proposition* XII 

Of all equal irlargles on ihe san.c lose ilic tsoscelcs irtangk 
has ihe least f:n>r efer. 

Let ulUC be an iso- 
sceles triangle and DISC 
an} other triangle on the 
same base and betutcn 
the same parallels. 

Draw J30 J_ AD and 
produce it, cutting off 
OE enual to OB. 

Then proceeding as 
in Prop XL pro\ e that 

BD^CD^AB^.IC 

CoK I — Of all tigons xvhuh hati. ifi, same area ike 
iennieUr of an equilateral n-^nn is a mmtfrum. 

Tor keeping n-z sides fixed the remaining two sides 
must be equal Tnus the figure must be equilateral. 

Cor. 2 — Of all triangles of equal area the equilateral 
triangle has a minimum fenmeter 

CoR 3 — Of all parallelograms of equal area the rhombus 
has a mtnmum penmetet. 

Proposition XIII 

Being given three sides AB, BC^ CD of a quadrilateral 
ABCD. its area will be a maximum when A, B, C, D lie 
urn a arcle of which the fourth side AD is a diameter. 

Suppose ABD is not a rL A; then keeping BCD fixed. 
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the area ABCD can be made greater by putting AB, BD 
at right angles. \Prop /. 



Hence ABD is a nght angle 
Similarly, ACD is a right angle 

Therefore the circle on AD as diameter passes through 
B, C 

Cor r ~—Jf «-i sides of an »-gon be given tn order and 
magnitude, its area ts a maximum when its angular points 
he on a arcle of which the nth side is a diameter 

Cor. 2 — When the extremities of a atrved line are con- 
nected by a straight line the area enclosed is a maximum 
when the farm is a semiarcle 

For the curved line may be regarded as the ultimate- 
form of a very large number of short straight lines placed, 
end to end The result then follows from Cor i 

Cor. 3 — When the perimeter op a closed figure is given, 
its area ts a maximum when its form ts a circle 

Consider the circle enclosed by the given penmeter 
and draw a diameter Then the area of either semicircle 
would be diminished by altering the circular form \^Cor, 2^ 

Proposition XIV 

IVhen the sides of a quadrilateral are given tn order and 
magtiitude, the area ts a maximum when ti can be inscribed 
tn a arcle 
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Suppose ABCD inscribed in a circle , and imagine the 
sides of the quadrilateral movable about hinges at the 
angular points, and having the 
shaded circular segments per- 
manently attached to them If 
now the quadrilateral be deformed 
in any manner, the external peri- 
meter of the figure formed by the 
four circular arcs will remain un- 
changed , and since its form is no 
longer circular its area is dimin- 
ished \Prop XIII j Cor 3 ] 

But the only aiea that has undergone change m this 
operation is that of the quadrilateral. 

Hence any deformation which destroys the cyclic char- 
acter of the quadrilateral makes its area less 

Thus a cyclic quadrilateral is greater than any other 
quadrilateral having corresponding sides of the same 
length 

CoR — U^ien the sides of a polygon a? e given tn oider and 
magnitude, the aica is a maximum when the angular points 
are concycltc 



EXERCISES ON MAXIMA AND MINIMA 

1 If a given straight line be divided into any number of parts, the 
sum of their squares is a minimum when they are equal 

2 If a given strught line be divided into any number of parts, their 
continued product is a maximum when they are equal 

3 Pind the maximum and minimum distances between two non- 
intersecting circles 

4 . Pis a fixed point between two given lines OX, OY , through P 
draw a line APB terminated by OX, OY such that the rectangle 
PA PB shall be a minimum. 
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8 In a semiarde inscribe tbe maidmnm triangle. 

6 In a square inscribe the minunum square 

7 If tbe sides of a parallelogram be given, the area is a mammura 
when the parallelogram is a rectangle 

8 If the diagonals of a parallelogram be given, its area is a maximum 
when it IS a rhombus 

9 If the diagonals of a quadrilateral be given, the area is a maximum 
when they are at nght angles 

10 A and B are two given points on the convex side of a given 
circle , find a point P on the circumference such that PA^-¥P£^ may 
be a minimum 

11 Find a point within a square such that the sum of the squares 
of Its distances from the sides is a mmimum 

12 One circle lies entirely within another , find the maximum and 
minimum chords of the outer which touch the inner 

13 In a given arde inscribe the maximum triangle 

14. If two tangents be drann to a circle, find the points of contact 
of a third tangent which cuts ofi a maximum or minimum tnangle 

18 If tno tangents be drawn to a cirde, find the point of contact 
ol the minimum tangent intercepted between them 

16 Of ah n gons circumscribing a arde, that which is regular has a 
minimum area 

17 Of all M'gons circumscribing a circle, that which is regular has a 
minimum penmeter 

18 Through one of the points of intersection of two given arcles 
draw the maximum straight line terminated by the arcumferences 

19 Given the base and area of a tnangle, prove that the vertical 
angle is a maximum when the tnangle is isosceles 

20 From a point Pm the side BC of a tnangle ABC, PQ, PR are 
drawn parallel to the ades BA, CA j find when ithe parallelogram 
PQAR is a maximum. 



SECTION m —THE TTHANGLE. 

In discussing the properties of the triangle ABC 
we shall u<;o the following notation throughout 
this section, without defining again the letters 
•employed — 

(i ) D,E, F are the middle points of the sides 
opposite to the angles A^B, C. 

(ii ) M, N are the feet of the perpendiculars 
from the angles A, B, G to the opposite sides. 

(ui ) D\ E', F' are the points where the internal 
bisectors of the angles A, B, C meet the opposite 
sides ; and D", E", F" the corresponding points for 
the external bisectors 

(iv ) The points of concurrence of the medians 
and altitudes are G and P respectively. 

(v ) 0 circuracentre, I incentre, and Ii, Jg, I 3 
excentres ; B circumiadius, r inradius, and rj ,rQ,rg 
exradii 

(vi.) /t the mid point of PO, and a, /3, 7 the 
mid points of PA PB, PC, 

Proposition I 

The Medians 

The medians of a triangle are concurrent, and their 
point of concurrence is a point of inseciion of each 
median 
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Draw the medians through B and C 
We shall prove that AG produced bisects BC. 

Draw BJI || BC, meet 
mg AG produced m JS 
Join CH 

In HABH, FG is 
drawn through the mid 
point of AB parallel to 
BH 

Therefore G bisects 
AH 

In AACH, GE joins 
the mid points of AH 
and AC , therefore it is parallel to CH 
Hence BGCH is a H"* 

Therefore the diagonals GH and BC bisect one another 
at D. 

We have proved that GA = GH, and GH=^ 2 GJ? 
Therefore GA = 2 GE 
Hence G is a. point of trisection of AE 
The point G is called the centroid of the triangle 
ABC In mechanics it is called the centre of gravity. 

EXERCISES 

1 Prove that the sum of the medians of a triangle is greater than 
three fourths of the sum of its sides 

2 If FE meet AD in J, prove that i,AJ=AD= 6 JG 

3 Through D draw DM parallel to BE, meeting FE produced m 
M, and join AM, prove that the triangle MAD has its three sides 
equal to the medians of the tnanglc ABC 

4 Given the three medians of a triangle, eonstmet it, 

6 The medians of a triangle are i 7", 2", and 2 2 " , construct iL 
6 The medians of a triangle are 3 cm , 4 cm., and 4 5 
eonstmet it. 



cm ; 
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T Prove that 

CC*=|(<r‘+«5+r=) 

8 A and B are two fixed points without a circle whose centre is C ; 
find a point G on the circumference such that AG'-’rBG- may be a 
minimum 

If be the middle point of AB, show that CGF is a straight line 

9 Apply the last result to find a point within a triangle, the sum of 
the squares of whose distances from the angular points is a minimum 

10 Show that the distance between the centroids of the triangles 
ABD, ACD IS iBC 

11 The base and area of a triangle being given, find the locus of 
Its centroid 

12 The base and vertical angle of a tnangle being given, show 
that the locus of the centroid is an arc of a arcle 

13 The base of a tnangle is fixed, and the vertex moves on a fixed 
straight line; prove that the locus of the centroid is another fixed 
straight hne. 


Proposition II 

The Perpendiculars 

perpendiculars from tJie angular points of a triangle 
to the opposite sides meet in a point called the Orthocentre j 
and the distance of each angular point from tlu orthocentre 
IS twice the distance of the 
arcumcentre from the side 
opposite to that angular 
point 

Join OG^ and produce 
It to meet AL m P. 

Then P is the ortho- 
centre 

V 

As ODGf PAG are similar^ 

nnd AG—zGJ?) ^Prop, I, 

PA = ^OD and PG— 2OG 
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Similarly, if OG produced meet another perpendicular 
in the point then 

J^G=20G 

Therefore F' is coincident with P 
Hence all the perpendiculars pass through the same 
point P, and 

PA, PB, PC= 2 OB, 2OE, 2 OP 
Def — The triangle fotmed by joining the feet of the 
perpendiculars is called the pedal or orthocentnc inangle 

EXERCISES 

1. Through A, B, C draw parallels to the opposite sides forming 


A 



the triangle A’B'C' Prove that the circumcentre of A'B'C is the 
orthocentre of ABC, and that PA=20D 

2 Thecircumcircles of the triangles./4^C, BBC, RCA, A4^are equal. 

3 The quadrilaterals PMAN, PNBL, PLCM are cyclic 



4. The angles of the pedal triangle arc 

180" -2.4, 180° -2/f, 180" -2C 
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5 The sides of the fedal tnan^e male equal angles with the sides of 
the anginal tnangle 

C The fedal tnangle is the minimum tnangle which can be inscnhed 
in the 01 iginal tnangle 

7. Tie orthocentre of the original tnangle is the incentie of the fedal 
tnangle 

8 The -inguhr points of the original tnangle are the cxccntrcs of 
thL pedal triangle 

9 The base EC and the opposite angle A being gnen, sliow that 
n IS of constant length 

10 The lines joining the circuniccntre and ortliocciitrc to any 
angular point of a triangle are equally inclined to the sides a\hich meet 
m tliat angular point 


Proposition III 

The Nine-Point Circle 

In any Inangle the three middle points of the stdes^ the 
three feet of the peifendiatlars^ and the three middle points of 
the joins of the orthocentre and vertices all he on a circle^ 
called the nine-point 
circle, whose radius is 
half the arcumradius of 
the tnangle.^ and whose 
cents e is the middle point 
of the join of the circum- 
centre and orthocentre 
We shall first prove 
that the circle through 
2?, Ey F passes through 

Z, My N 

ALC IS a right-angled triangle and E is the mid 
point of Its hypotenuse, 

AELA^AJLAL, 

A.FLA=/LFAL', 



Similarly, 
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.* ^LF^ZJ^AF 

But AEDF\& a H”, 

ZFAF=ZEDF 
Therefore AFLF= ZLMDF 

Hence the arcle through D, F, F will pass through L. 

\Bk I, Prop 40 

Similarly, it will pass through M and N 
We shall next prove that this circle passes through the 
tnid points of PA, PB, PC 

Since DL is a chord of this circle, its centre must he 
on the nght-bisector of DJL 


A 



But the nght-bisector of DL passes through the mid 
point of OP 

Similarly, the centre must lie on the nght-bisectors of MF 
and FN, and these Imesalso pass through themid point of OP 
Hence /t, the mid point of OP, is the centre of this circle. 
Join D/jl, and produce it to meet AP in a. 

Then from similar tnangles 

OD = aP, and fLD = {m, 

OD^\AP, 
aP=lAP 


but 
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Hence a is the mid point of AP. 

Therefore the circle whose centre is /i and radius pD 
will pass through the mid point of AP 
. Similarly, it will pass through /8, y, the mid points of BP 
and CP 

Hence the circle whose centre is p passes through the 
nine points Z>, E, P, L, Af, JV, a, /?, y 

Agam, * AO Da. is a 1|“, 

. . Da. = OA —E) 

. pD — \R 

Note. — ^The nme-point circle is sometimes called the 
medioscribed circle of the tnangl^ and its centre, p, the 
midcentre of the tnangle 

EXERCISES 

1 Prove that the triangles ABC, PBC, RCA, PAB have the same 
orthocentre 

2 Prove that the tnangles ABC, PBC, PCA, PAB have the same 
nme-point drcle 



3 Prove that Da^Ep=Py 

4. Prove that EPPy, DEap, FDya are rectangles whose diagonals 
intersect in ju. 
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6 Prove that FDio^ DEap, EEpy are rectangles 

6 Prove that the cuctiincentre, the 
centre of gravity, the midcentre, and the 
orthocentre of a tiiangle are colhnear 

7 Prove that OG Gfi fiP 213 

8 The nine point circle of an equi 
lateral tnangle is its incircle 

9 Construct a triangle, having given 
the circumcircle, the orthocentre, and 
one angular point 

10 The siv joins of the incentre and three excentrcs are bisected 
by the circumcircle 



Def — If from any point Pa pet 
petiduular be draivn to a line L, and 
produced through the line to a point 
P at the same distance fiom L as 
P, then P IS called the reflexion, 
or image, of P m the line L 

Suppose Z to be a looking- 
glass, then the reason for giving 
this name ^ill be easily discovered 


P 



Proposition IV 



Image of the Ortho- 
centre 

The image of the orthocenft e 
in any side of a tnangle lies' 
on the circumaicle 
From similar As, 
d.CAL = Z.CPM 
Also 

cLCAL^ACBP 

\Bk I, Prop 40, 
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Therefore ^PBL = ^P'BL 

Hence the right-angled triangles PBL^ P'BL are con- 
gruent, and 


PL^P'L 


EXERCISES 

1 Denning the image of a plane figure to be the locus of the images 
of Us several points , prove that the image of a straight line is a straight 
line, and the image of a circle is a circle 

2 Prove that the angle between a straight line and its reflexion is 
bisected by the axis of reflexion 

3 Given the base and vertical angle of a triangle, And the locus of 
the orthocentre 

4. Two equal circles pass through two fixed points, show that eacli 
IS the locus of the orthocentres of triangles 
inscnbed in the other on the join of the 
fixed points as base 

6 Three equal arcles pass through 
the point P and intersect one another 
again in the points A, E, C Prove 
that P is the orlhoccntre of the triangle 
ABC 

Proposition V 

The Simson Line 

The feet of the perpendtatlars, fom any powt on the 
circumatek of a tnangk, to the sides of the triangle^ be on a 
straight line called the Stinson Line 

Let X, Y, Z he. the feet of the perpendiculars from Q 
to the sides of the triangle 
Join YZ, ZX, AQ, BQ 

Then /LAZY= Z.AQY [A YQZ is cyclic 

= go°-Z.QAY 

— go® — Z.QBX [Prop 42, Cot 1. 
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= ^IiQX 

= /LBZX [BXZQ ts (ycltc 



Therefore X, Z, Y are collinear 

Note — The line XZY^ on which the feet of the 
perpendiculars he, is sometimes called the pedal line of 
Q_ with respect to the triangle 


EXERCISES 

1 If from any point Q the perpendienlars OX, O Y, OZ he drawn 
to the sides BC, CA, AB of a triangle, and if the three points X, Y, Z 
he collinear, the point O must he on the ciratmcirele of ABC 

Prove that Z,QBX=/_QA K 

Hence A CBQ is cyclic [Bl I , Prop 42, Cor 2 

2 The four circtnnctrcles of the four inangles formed lyfour straight 
lines, no two of which are parallel, have a common point of intersection 

Draw the circumcircles of two of the As formed by the lines These 
Circles intersect at A , and let their second point of intersection be Q 
From C draw perpendiculars QX, QY, QZ, and QWio the sides of the 
two As 

Q is on the circumcircle of ABC, 

X, Y, Z are collinear 
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Anti Q Jt: on the cucunicirdc of .1ST, 

' y, A, /rare collmcnr , 

. A', /, 11 arc. collmear 

Aj^nin, * A', I', //'arc collincar, 

Q I*, on lilt circumcirclc of ACES 

Ami A*, E, //'arc collintar, 

0 I'' on the circumcirclc of AIiE7\ [Ex 2. 

Ihti'i 0 lies on the circumcirclts of the As A/iC, AS7\ CES, and 
EE/ 

3 7 ht ffdal hnt of any feint Inserti the join of the foint at d the 
4>rtlw(entre 

IjcI AL produced meet the circumcirclc in and let A/^ cut the 
pedal line in .S and HC in /' 

Also let QJ* meet the pedal line in /' 

Prose that S is the mid point of QT, and prose that J'T is parallel 
lo the pedal line The result follows 
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Proposition VI 

The Bisector of an Angle 

If an angle of a triangle be bisected by a sttaight line 
which meets the base, the rectangle contained by the sides of 
tlu triangle is equal to the tectangle contained by the segments 
of the base, together with the square on the bisectot of the 
angle. 

Draw the circumcirde of the triangle, and produce the 
bisector AD' to meet it in T 

Join CT 

Then I.BAD =-A.CAD', [Hyp 




I A.ABD = A.ATC, [Bk I, Prop 40, 

As ABD, ATC are similar, 

AD'~ AC 

Hence BA AC = All AT 

= AD' D’T+AD'^ 

= Biy CD' + AD’^ 

, Prop 44 

Cor — If AD' be the external bisector of the angle A, then 
BA AC = BIT CZT-AD"^ 
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With the same argument we have from the second 
figure 

BA.AC^Ajy .AT 

^AD"^ {p'r-AD") 

= AB' ITT-AIT- 
= BJr CLr-AD'’\ 

\Bk I ^ Prop. 44. 


EXERCISES 

1 If /be ♦he length of the bisector of prove that 

2 If/i be the bisector of the exterior angle at A, prove that 

3 Prove that in both figures 7 bisects the arc BTC 

4 Prove that TD 7 A ^TCT- 

5 Prove that TIT TA-TC- 

6 Prove tint \B CT=AT BIT. 

7 Prove that C7=AT BIT 


Pkopositioa VII 

Jf from the extremities of the base of a triangle perpen- 
diculars be drawn on the internal bisector of the vertical 
ans^le, the join of the middle point of the base and the foot 
of either perpendicular is equal to half the difference of the 
sides of the triangle 

Let BTj CT’be the perpendiculars, then 
nT= \ (AB - AC) = DT\ 

Cut off AQ, A(f = AC, AB. 

Prove that CTQ, BT(f are straight Imes, and that 
T, T are their mid points 
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Hence JDT, Dr \\BQ, CQ^. 

Also J5Q = AB-AC=‘ CQ^. 

Therefore DT= \{AB ^ AC) = Dr . 


EXERCISES 



1 If from the extremthes oj the base 
of a tnangle perpendiculars be drawn on 
the external Insector of the vertical angle, 
the join of the middle point of the base 
and the foot of either perpendiatlar is 
equal to half the sum of the sides of the 
triangle 

2 If DT, DT*, produced if neces- 
sary, meet the sides of the triangle in A’, 
R, then AICDR is a parallelogram 

3 Prove that ABCO=\(/.C 

4 Prove that / ACO-=yi,/ C+ / El\ 

6 Prove that /BH 0= /C ~/B 

6 Given the base of a triangle and 


the difference of the other two sides, find the locus of the feet of the 


perpendiculars from the extremities of the base on the bisector of the 


internal vertical angle 
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7 Given tte bnse of n triangle ana the snia d the o Jier taro saes, 
tne locns of the feet o*" the peiperdicaLus from the eatremi'ies </ 
the base on the blscctc- o'” tne external vertical angle. 

S. Vzo-c^<rjAZJ^AU-l{ZC~/Bri ^ 


Ppoposmotf VIII 

If il,e base BC of triangle ABC bt d z’ded tn Q, 
sf Inai 

nBQ = r.CQ. 

tier 

tnjlBr- -nAC-^mBCf-^ nC(f- -(n:~ a) A <^. 

A 



For tr.AB- = fr(B(^ -^AQ'- zBQ . QZ) 
and nAC- = r(C^ - A<^ ~ 2 CQ. QZ) 

\Bk /, Profs. 2S, 29 
Tasting account of the gi\en re'ation, the required result 
follows on addition. 


EXERCISES 

1 . If ike laze BC cf a iricr^e ABC Be divided exiemAly tn Q, so 

ikal rrBQ=rCQ, 

ik'K r'AH—nAC^=r’B^—rC(p—{r' — r)A^. 

2. Stow teat the theo-em 

AH^AC^=iZAIT~zBlP 

is a parlicalar case of tie general theorem proved above. 
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d The sides opposite the angles A, B, C being 3 5” 2 and 3% 
draw the triangle ABC, and divide the base BCm Q, so that 
BQ QC=3 4 
Calculate the length of A Q 


Proposiiion IX 


hence 


Ptolemy's Theorem 

Tlie rectangle contained by the diagonals of a cyclic quadri- 
lateral IS equal to the sum of 
the rectangles contained by its 
opposite sides 

Make jLDCQ. = LACB , 
then cLBCQ = ^ACjD 
Also d.CBQ.^/LCAD 
{Bk /, Prop 40 
Therefore As BCQ, ACJD 
are similar , 

AD _BQ 
AC~ BC 
Therefore AD BC=BQ AC 

Similarly, AB CD = DQ AC 

Hence by addition tve get 

AD BC+AB CD = BD,AC. 



EXERCISES 

1 If a point be taken anywhere on the circumciide of an eijulateral 
tnangle, its distance from one of the angular points is equal to the snm 
of its distances from the remaining angular points 

2 Prove that CD=AC CQ 

3 If the diagonals of a cydic quadrilateral be at nght angles, the 
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5um of the rccnngles comainetl bj opposite sides is equal to twice 
the area of the quadnlalenl. 

4. If the angle between the diagonals of a cyclic quadnlatcnd be 
half the angle of an equilateral triangle, the sum of the rectangles con- 
tained b> H5 opposite sides is four times the area of the quadnlateiaL 
6 In the figure of this proposition if AC, BD intersect m R, prove 
that AB BC BR 



SECTION IV— THE CIRCLE 


Orthogonal Circles 

Def — The angle of intersection of two circles ts the 
angle between their tangents at the point of intersection 

Def — Two circles are said to cut orthogonally when 
their angle of intersection is a right angle 

Proposition I 

To describe a arcle having a given centre and cutting a 
given arcle orthogonally 

Let O be the given centre and C the centre of the 
given circle 



Join CT. 
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Then CT _L OT, \Bk T, Prop, 37. 

. CT’ touches the circle O. 

Thus the tangents to the two circles at their point of 
intersection are at right angles Hence the circles cut 
orthogonally. 

Note. — In the immediate neighbourhood of the point 
T each circle coincides with its tangent at T Hence the 
circles are said to be at right angles at T when their tan- 
gents are at right angles at T 

EXERCISES 

1 Show that the two circles cut orthogonally at T‘ 

2 Whtn two circles cut orthogonally, the sum of the squares of their 
radii IS equal to the square of the distance between their centres 

3 If the sum of the squares of the radii of two circles be equal 
the square of the distance between their centres the two circles cut 
orthogonally 

4 . Draw two circles with radu 25 mm and 35 mm cutting one 
another orthogonally 

6 Draw two equal circles of one inch radius cutting one another 
orthogonally, and find the length of their common tangent 


The Radical Axis 

Proposition II 

The /oats of points from whtcJi the tangents drawn to two 
given circles are equal is a straight line perpendmilar to the 
line of centres 

This straight line is called the radical axis of the two 
circles 

Let P he a. point on the locus , then PT — PT'. 

Draw PP _L CC' , and let O be the middle point of CC'. 

p 
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FT' = CP- - P?' 

= PL-^ CL^--IC-y 

PT'- = CP- - 

= PL^+CL--t^. 

P 



Hence CL^ - PT-^CL^ -7^ , 

. cr--cr-=p?--p, 

' . . {CL-C'Z){CL + C'L) = Pr--7^l 

20Z cc’=ir-- 7 ^ 

Since CC' and P^ — r- are given, Z is a fixed point; 
and P lies on the perpendicular to the line of centres 
through Z 

Thus the radical axis is perpendicular to the hne of 
centres , and its position, with respect to the middle point 
of the line of centres, is determined by the equation last 
written 
( 

EXERCISES 


010 

, Now 
and 


^ 1 TTte radical axis of ttoo intercemng circles is their common chord 
produced hoth ways 
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For if from any point on the common chord, external to the circles, 
tangents be drawn to the circles, they are equal (See the fbceroses to 
Bk I , Prop 44.) 

2 The radual axes of three circles taken in pairs are concuirerit 



Let the radical axis of E and C meet the radical axis of C and A in- 
the point O 

' * O is on the radical axis of B and C, 
tangent from O to C=tangent from t7 to ^ , 
and *. IS on the radical axis of C and A, 

tangent from O to C=tangent from O to ^ , 
tangent from O to j 5= tangent from O to A 
Hence £7 is on the radical axis of A and B 

Def. — The point of concurrence of the radical axes tf three circles is 
called the radical centre of the circles 

3 An^ circle whose centre is on the radical axis of two green circles, 
and which cuts one oj them orthogonally, will also cut the other 
orthogonally . 

For the radius of the orthogonal circle must be equal in length to- 
the tangent from its centre. - \Prop. E 
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4 A circle tahose centre u the radical centre of three given circles, 
and winch cuts one of them orthogonally, cuts all three orthogonally 

6 Draw the radical axis <ftwo ^ven circles 
\ 



<^l 


Draw any cirde C which cuts both the circles A and B m tlie points 
E, Q, E, S 

Let TQ, SR meet in 0 

The chord RQO is the radical axis of C and A, and the chord SRO 
IS the radical axis of C and B 

Hence O is the radical centre of A, B, C But the radical centre is 
a point on the radical axis of A and B 

Thus we ha\ e found one point O on the radical axis of A and B 

Similar 1}, bj drawing any other circle which cuts both A and we 
can determine another point O' on the radical axis of A and B 

Then 00’ is the required radical axis Or draw a perpendicular 
from O on the line of centres 

6 Find the radical centre of three given circles 

7 Draw a circle to cut three g;iven circles orthogonally 

8 Circles are described on the sides of a tnangle as diameters 
prove that the radical centre of these circles is the orthocentre of the 
tnangle 

9 Circles are described on the joins of the orthocentre and i ertices 
of a triangle as diameters , prove that the orthocentre of the tnangle is 
the radical centre of these arcles 

10 Proie that the radical axis of two aides bisects their four 
common tangents 

The difference of the squares of the tangents to two circles, front 
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■at y fotni P, u tqtial lo Iwtce ike teciangk coniauted ky the join of tJutr 
*«' ires audikefeilendtcttlarfiom Pen iketrradttal axes 



Draw PA^, PR" perpendicular to the line of centres and the radical 
AXIS L/C rcspcctn elj 

Let O be the middle point of CC 
Then 

P7^ -PT-=(CP^-jr-)- {C'P^ - 7 ^ 

:={CI^- CP^) - (A’=-r2) 
^20N.CC'-z 0L.CC' [Prop II 
=2LN CC* 

~2PK. CC* 


Poles and Polars 

Def. — If on the radius of a circle whose cenite ts O 
and radius r iwo points P and Q be taken on the same side 
of O such that 

OP. OQ = f^, 

then P and Q are said to be inverse points with respect 
Jo the circle 
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Since R ate wntxsx. points, 

PQ is the polar of R 

l^ote — Two points which ate so related that the polar of each 
passes through the other are called conjugate points 

7 Show that any pair of inverse points with respect to a circle are 
conjugate points 

8 If a straight line S fosses ihioitgh the pole of another straight line 
St then S' passes through the pole ef S 

For in the figures of this proposition TT' passes through the pole 
Q of PL , and PL passes through the pole L of TT' 

Note — Two such lines as PL and TT' are called conjugate lines 

9 The polars of collinear points are eonciirreiit, the point of con- 
eurrence being the pole of the line on which they he 

For let the points A, B, C, etc , lie on the line L, whose pole is P 

Then the polar of P passes through A, B, C, etc , therefore, by 
Ex 6, the polars of A, B, C, etc , pass through P 

10 If a line pass through a fixed point its pole lies on a fixed straight 
line 

For it hes on the polar of the fixed point 

11 The Intel section of the polars of two points is the pole of their join 

For in the figure of Ex 6 the polar of Q passes through T, hence 

the polar of T passes through Q Similarly, it passes through R 
Therefore QR is the polar of T 

12 The join of the poles of two lines is the polar of their point cf 
intersection 
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The Tangencies 

We shall now consider a few simple constructions m 
which a circle is required to be drai^n so as to pass 
through gnen points and touch gi\en lines and circles 
These problems are known as the tangeticus, and in each 
of them the required circle is made to satisfj three specified 
conditions 


Proposition* IV 


Draw a etrch to pass through tivo gtvt,n points and to 
touch a gtten c^rcU 



Let P, Q be the given points and PAT the given circle 
Draw any circle passing through P and Q and cutting 
the given circle in A, P Produce AP, PQ to meet in O, 
and from O draw OT a tangent to the given circle. 

Draw* a circle through P, Q, and T 
Then PQT is the required circle 



DEMONSTRATIVE GEOMETRY 

A, B, Q, P are concydic, 

OB OA = OQ OP [Bl I, Proj^ 44- 
OB A IS a secant and OT a tangent, 

• OB.OA= OT- \Bk. I, Prop 44> Cor. i. 
OQ OP=OT-, 

OT touches the circle PQT. 

\Bk I, Prop 44, Cor. 2. 
Thus the two curcles, having a common tangent at 
touch one another at T 

Therefore the circle PQT\% drawn as required. 

Since two tangents can be drawn from O to the given 
circle, there are two solutions 

Proposition V 


Praia a aide to pass through two given points and to 
touch a given straight line. 



2lS 


For, 

Again, 

Hence 
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Produce PQ. to meet the gi\en line m O , then O is a 
fixed point. 

And OT'- = OQ.OP [Bk I, Prop 44, Cor i 

Hence OP' is constant. 

To obtain OT' ^^e maj find the side of a square equal 
to the known rectangle OQ OP [Pk IJ , Prop 76 

But It is better to proceed as follows — Draw an} 
circle through P and Q. ; from O draw OT a tangent to 
this circle. Troni the given line cut off OT\ OT" on 
either side of O^ equal to OT. 

The circumcircles of the triangles PQT', PQT" are 
the required circles 

For • OT IS a tangent and OQ,P a secant, 

.*. OQ. OP— OT\ [Bk /, Prop. 44, Cor. i 
Hence OQ OP= 0 T\ 

and OQ OP= OT"\ 

Therefore the line LL * touches the circles at T\ T". 

\Bk /, Prop 44, Cor 2. 
Note. — ^^Vhen PQ is parallel to LL ' this construction 
fails In that case let the nght-bisector of PQ meet LL ' 
m T. Then PQT is the required circle. 


Proposition VI 

Draw a circle to pass through a given point and to touch 
two given straight lines 

Let be the given point and Oil/' the given straight 

hnes 

Suppose the circle PPQ is drawn as required 

The centre of the circle must he on the bisector OB of 
the angle between OL and OM 
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Also the chord of the circle through jP, which is per- 
pendicular to OB, IS bisected by OB 


M 



Hence we have the following construction — 

Draw the bisector of the angle between the given lines 
Find the image jP' of the given point in this bisector, 
then this image is a second point on the required circle. 
Draw a circle to pass through P, P', and to touch either 
OL or OM \Pr<^ V. 

As in Prop V , there will be two solutions 


Proposition VII 

Draw a arch to touch two given straight lines and a given 
circle 

Let OL, OM be the given straight lines and Q_ the 
centre of the given circle. 

Draw O'X', O'M || OL, OM at the distance of the 
radius of the given circle and on the sides of OL, OM 
remote from Q. ^ 

Draw a circle, centre P, touching O'L', O'M and pos- 
ing through Q FI 
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Let PQ_ cut the given circle m C, 

With centre P and radius PC describe the cirde ABC. 

\L' 



Then ABC is the required circle Let the student 
■supply the necessarj' analysis and proof 

Since there are two solutions to Prop VI , there will he 
two solutions here also 

Again, the parallels can be drawn on the sides of OL, 
OM nearest to Q, This will give two more solutions 
Thus there are four solutions 

Proposition VIII 

To draw a circle fo pass through a given point and to 
touch a given straight line and a given arcle 

Let P be the given point, XlC the given straight line, 
5ind C the centre of the given circle 

Suppose the circle QPN drawn as required. 
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Through C draw CL X cutting the given drde in 
A,B 

Through the centre O of thecircle QiWdraw ON X XX 


A 



Join OC, passing through D, the point of contact of the 
circles 

Join BD, AD, ND, and let AP cut the circle NPQ in 
the point Q 

ON\\ AC, 

A.ACD = AJDON 

In the two isosceles As ACD, DON the vertical angles 
are equal , 

the angles at their bases are also equal 

Hence AODN=A.CDA , 

. . ADN vs a st line. 

Now, •.* BLND IS cyclic, 

AB.AL^AD.AN \Bk I, Prop 44. 
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And ' Dt Pt Q are concycbc, 

AD AN ■= AQ AP. \Bk, I, Prop. 44. 
Hence AQ.AP=AB AL^ 

AP AL 
°^AB~AQ' 

Thus is a fourth proportional to three known lines 
AP, AB, and AZ 

Hence we have the following construction — 

Through C draw a perpendicular CZ to the gnen line 
XJC, cutting the gnen circle in A and B. 

Find a fourth proportional to AP, AB, and AZ 
From AP cut off A Q equal to this fourth proportional 
Draw a circle to pass through the points P, Q and to 
touch the line XX. [Prop. V 

Then this is the required curcle 
The student will supply the proof. 

Since there are two solutions to Prop V., there will be 
two solutions here also 

Again, another two solutions may be obtained by join* 
ing BP instead of AP. Thus there are four solutions 


Proposition IX 

Draw a arcle to touch two give 7 i circles and a given 
straight line. 

Let P, Q be the centres of the given circles and X'X 
the given straight line 

Suppose the circle ABC, centre O, is drawn as required ; 
and let it touch the given circles at A and B and the 
given straight line at C 

With centre O and radius OQ, Q bemg the centre of 
the lesser circle describe a concentric circle, and with 
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centre P and radius equal to PA — QB describe the 
circle TRS Then these two circles will touch at some 
point T 

Produce OC to meet the circumference of the circle 
TQD in D Through D draw Y*Z)Y parallel to X'CX 



Then YY touches the circle TQD m D 
Now notice that CD is equal to BQ, the radius of the 
lesser given circle , and PT is equal to the difference of 
the radii of the given circles 

Hence with the given data the line YY' and the circle 
TRS can be drawn And when the hne YY and the 
circle TRS have been drawn, the circle TQD can be 
constructed , for it passes through a given point Q, touches 
a given line YY and a given circle TRS \Prop VIII 
Finally, when the circle TQD has been drawn, the 
circle ABC can be described For join OQ^ cutting the 
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circle, centre in B Then OB is the radius of the 
required circle 

The student can now write out the construction and 
proof 

There are four solutions to Prop VIII , therefore there 
are four solutions in this case also Moreover, the line 
Y y may be dra^^ n on the same side of X'X as Q , this 
will give another four solutions 

Hence in this case there are eight solutions 
Note — The tangencies include ten problems We 
have given six here, and two were given in Bk. II , Prop 
68 and Props 69, 70 Two more will be found among 
the exercises in Section V. 
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Homothetic Figures 
Proposition I 

If any point O be joined to the vertices of a poly^n ABCD, 
and if on the straight lines OA, OB, OC, OD, or their 
prolongations through O, points a, b, c, d be taken such that 

9SL-^!L-9i -££. 

OA~ 6b~'6c~ OD' 

then the polygon abed will be similar to the polygon ABCD 
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Wyp 


, , Oa _ Ob _ Oc 
, ab |j AB^ and be || BC. \Bk Prop. 45. 


Hence ALabc = ILABC. 

In the same way we can prove that each angle of abed 
IS equal to the corresponding angle of ABCD. 
q herefore the polygons are equiangular. 

Againj ' ' ab^ AB, 

•.As Oab, OAB are equiangular. 


Hence 

Similarly, 


ab _ Oa 
AB^^ 

BC~ OB 


[Bb. P, Prop. 46. 


Therefore 


ab be 
AB~1^ 


te 


be~ BC' 


Hence the sides about the equal angles b, B are pro- 
portional 

Similarly, the sides about each of the other equal angles 
are proportional 

'riierefore the jiolygons abed, ABCD are similar 

Note. — In Fig i the two polygons arc said to be 
Similar and similarly situated, and the point O is 
called their external centre of similitude. 

Notice that in this case the pairs of corresponding sides 
of the two polygons (pb, AB), {be, BC), etc., are drawn in 
the same sense 

In Fig 2 the two polygons are said to be similar and 
oppositely situated, and the point O is called their 
mternal centre of similitude. 
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In this case the pairs of corresponding sides {ah, AB), 
{dc, BC), etc , are drawn in opposite senses 

Def — Ihvo similar and similarly situated figures 
are said to be homothetic, and their external centre of 
similitude is called their homothetic centre, 

Def — Two similar but oppositely situated figures are 
said to be antihomothetic, and their inteinal centre of 
similitude is called their antihomothetic centre 

Thus the two polygons in Fig i are homothetic, and 
O IS their homothetic centre, while those in Fig 2 are 
antihomothetic, and O is their antihomothetic centre. 

Notice that in homothetic figures the joins of corre- 
sponding angular points, being produced, meet in the 
homothetic centre , whereas m antihomothetic figures the 
joins of corresponding angular points cross one another at 
the antihomothetic centre 


Proposition II 

If two similar polygons be placed so that their corre- 
sponding sides aie parallel and diawn in the same sense, then 
they shall have an external centre of similitude 



Let the similar polygons abed, ABCD be placed so that 
the sides ab, be, cd, da are parallel to the sides AB, BC, CD, 
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DA respectively, and are drawn in the same sense ; then 
shall Aa, Bhj Cc, Dd produced meet m the same point O. 
Let Aa, Bb produced meet m O. 

Join OC^ Oc, ac, AC. 

As abCj ABC are similar, \B}i /, Prop. 48. 
A.Oac—/LOAC, 



Oa 

OA’ 


Hence As Oac, OAC are similar. \Bk. L, Prop. 48. 
Therefore Z.aOc= AAOC. 


Hence C, O are in one straight hne. 

Similarly. D, d. O are in one straight hne. 

Thus the polygons abed, ABCD are homothetic. 

Cor. — If two similar poly^ns be plcusd so that their 
corresponding sides are 


parallel but draion in 
opposite senses, then th^' 
shall have an internal 
centre of similitude, ie. 
they shall be antihomo- 
thetic. 

EXERCISES 

X. Ik c gtvm regular 
peniagon tnsenoe a sguare, 
so that «me side of the square 
may he paraltel to a side of 
the pentagon. 

Let PQRST he the 
given pentagon ; and snp> 
pose the square ABCD 
constructed as requited. 
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On 7 Q dcscrihc the squire TQcd 

Tlu.n AECD-xnA IQid tire liomothctic, and R k their homolhetic 
centre, for the joins of the corrcsiKindinj; angular points (/?, (?) and 
{A, 7 ) meet in P, 

IJcncc the joins of the two other pairs of corresponding angles mnst 
also meet in P 

Therefore dD, tC piss through /*. 

From the iboic inaljsis wt line the following construction • — 

On TQ describe the squire TQed , join Pi, Pe, cutting the pentagon 
in the points D, C 

Then PC is i side of the required squire. 

Supplj proof 

2 In 1 gisen hcxigon insenbe i squire, so that one side of the 
square may be pirallel to a side of the hexagon 

3 In 1 gi\ en cquilitcril triangle inscribe i regular octagon, so that 
one side of the octagon maj be along a side of the tningleand two 
angular points on the other tsso sides of the triangle 

4 In a given equilateral triangle inscribe a regular hexagon 

B In a given square inscribe a regular pentagon, so that one of its 
angular points maj lie on a given diagonal of the square, and tJit other 
four on the four sides of the square 



C f/isenfii an equilalrral trt' , 
( njU m a gn en tnangk, having 
one tu’t /< ta’lel la a gnen side oj 
the triangle 

Let abe be the equilateral tn 
angle constructed as required, 
having Its side be parallel to the 
side lie of the given triangle 


On BC describe the equilateral 
tnangle ABC 

Then As ABC, abe are clearly 
homothctic, and O, the vertex of 
the given triangle, is their homo 
thctic centre 

Supplj conbtruction and proof 
7 With sides 3", 2 S', and 2' 
draw a tnangle , in it inscribe an 
^ equilateral triangle having one of 

Its sides parallel to the longest side of the triangle 


4 


// 
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8 In a given tnmglc inscrilic a square 

9 In a gi%en triangle inscribe a triangle similar to a gnen one, and 
«a\ ing one of its sides parallel to a gi\cn straight line 

10 In a gi\en triangle inscribe a triangle similar to a given one, and 
having one of its sides parallel to a side of the given triangle 

11 With sides 3 cm , 4 cm , and 2 6 cm draw a triangle ; in it 
inscribe an equilateral triangle having one of its sides inclined at an 
angle of 45® to the longest side 

12 With sides 2r mm , 25 mm , and 39 mm draw a triangle, and 
in It inscribe a rhombus having one of its angles of 120® and its base 
along the longest side of the tnangle 


Proposition III 


If a folygon is divided tnio triangles by lines joining et 
foint to its vertices.^ any similar polygon can he divided into 
ihe same number of corresponding similar triangles. 


J) 



d 



I-et ABODE be a polygon divided into five triangles 
by straight lines drawn from P to the vertices then the 
similar polygon abede can be divided into five correspond- 
ing similar triangles 

Make Z.S bap^ abp = Z.s BAP, ABP. 
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Then As f*AB, pab are equiangular, and consequently 
similar , 

hfi _ BP 
' 7 b~~AB 

But . the poljgons are similar, 

bc~ BC ^ ' 

From (t) and (a) we get 

Ip BP 
be ~ BC 

and A-phe = /LPBC , 

As pbc, PBC are similar \Bk /, Prop 48 
Similarly, other pairs of triangles can be proved similar. 


PROPOSinoN’ IV 


The ratio of the areas of stmtlat polygons is equal to the 
ratio of the squares of correspondin'^ sides 


We have 


P^PAB AET- 
C^pah iflb)^ ’ 


APBC BC- Ajr- 
AlP 



_ Sum of numer ators _ AB^ 
Sum of denbminators ~ {ab'f- 
Polygon ABCDE AlP 
Polygon abede ~ {abf 


EXERCISES 1 

1 In ttle figure of Prop III prove that the lines from P to the 
Vertices of ABCDE are proportional to the lines from p to the vertices 
of abede 
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Dff — Corresponding points tn the planes of two smilat figures are 
snek that hnes drawn from them to the vertices of the two f^uies ate tn 
the fat to of the correspondtns; s.des of the two figures 

Tims p ire corresponding points 

2 Pro\c that the circumccntrcs, the inccntrcs, the orthocenlres, the 
centroids, and the midccntres of two similar triangles are pairs of corre- 
sponding points 

3 In Prop III show how the two figures can be placed so that the 
point P IS their homothetic centre 

4 Pro\c that any two circles arc similar figures. 

B The perimeters of similar figures are proportional to their corre- 
sponding sides 

6 1 he circumferences of circles arc in the ratio of their radii 

7 The areas of circles arc to one another os the squares of their 
radii 


Proposition V 

2ef consiiuct a polygon similar to one given polygon 
OBCDi and equal tn atea to another X. 


/ 

n 

/ 




Construct squares equal m area to the polygons OBCi) 
and X. \j3k II, Ptop 77 

Through O draw any line O Y, and cut off OL, OM 
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equal to the sides of the squares which are equivalent to 
OB CD and A' respectively 
Join OC, 

Draw Md, dc, cb || Z2?, DC, CB 
Then Obcd is the required polygon For OBCD, Obcd 
are homothetic I 

Area Obcd ^ Od- rp jy 

Area OBCD ODT- 


_ OM"- 
■ OD 


\Bl I, Ft op 45 


Area A' 


r Const 

Area OBCD '■ 

Hence the area Obcd - area A', and the figure Obcd is 

similar to the figure OBCD 


X 


EXERCISES 

Describe a polygon similar to a given polygon, but of half its area 

Let OBCD be the given poly- 
gon Bisect OD m M, and drw 
ML X OD and equal to OM Cut 
off Orf-= OL 
Join OC 

Draw dc, cb 11 DC, CB 
Then Obcd is the required poly- 
gon For if QZ7=2, then OM=i 
and 0 L=: 



Hence 

I 


Od ,Jz 
0 D~ 2 


Complete the proof 

2 Bisect a triangle by a line parallel to one 
Let OCD be the A 


of its sides 


The line dc, drawn as above, bisects it 

3 With sides 32 mm , 35 mm , and 41 mm construct a triangle, and 
> bisect It by a line drawn parallel to the shortest side 

4 Draw a triangle with sides -Y, 2 S", and 3 2" , bisect it by a line 
drawn parallel to the longest side 
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8 Divide a inangle into any number of equcd farts (stgr Jioe\ by' 
hues farallel to one oj Us sides 



~ On the side A 3 describe a semiarde Dmde AB into five equal 
parts Let P be one of the points of division Through P draw 
PL X AB meeting the semicircle in L With centre B and radius BL 
descnbe an arc cutting AB in a , through a draw ael\AC, 

Treat the remainmg points of division in the same way 
ABae (Ba)- 
ABAC~ BA* 

_BI? 

BA^ 


Now, 


[Bl I , Prop 50 
[Const 


BP BA 
~ BJP 

-iL 

~BA 


[Bb I , Prop 27, Cor I 


[Const 


.• ABac=lABAC 

In the same way it can be shown that the As whose vertices are at 
B are equal in area to t, and of ABA C respectively 

6 Draw a triangle ivith sides 2 3", 2 and 3" , divide it into three 
equal parts by lines drawn parallel to the side 2 5" 

7 With sides 7 cm , 8 cm , and 9 cm draw a triangle, and divide 
It into seven equal parts by lines parallel to the shortest side 

8 Draw a quadrilateral similar to a given quadrilateral BA CD, but 
of three-fifths Us area 

In BA find t/ie point as in Ex 5 With BP as one side draw a 
quadnlateral homothetic with BA CD (See Ex i ) 

9 Divide a circle into any number {say five) of equal cenceiUrie 


rtnqs 

On the radius descnbe a semicircle. Divide O5 into five equal 
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parts, and through the points of division i, 2, 3, 4 draw perpendiculars 
to meet the semicircle in i', 2', 3', 4' 



With centre 0 and radii Or', O2', O3', O4' describe circles 

Proceed with the proof as in Ex 5 

10 From a circle of 3 cm radius cut off a ring containing one thud 
the area of the circle 

11 Desenbe a circle whose area is four-sevenths of the area of a 
circle of I m radius. 

12 Desenbe an equilateral tnangle equal to a given square 

13 Desenbe an equilateral tnangle containing an area of 4 sq in 

14 Desenbe a square equal to an equilateral triangle of i in 
side 

15 Desenbe an egmlaieral tnangle eqnal to a given tnangle 

Let OPQ be the given A 

On OP describe an eqmlateral triangle OFQ, and on OQ desenbe 
the semicircle 0Q,L. 

Draw Q'J? 1| OP, and RLX.00 


Cut off 0q= OL, and draw qp B QP 
Then Opq is the requured equilateral tnangle 


For 


AOpq O^ 
A0PQ~0^ 


01 ? 


~0(p 


1 


IBi I, Prop So. 

\Const, 
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[Seeitan /., Prcf VII. 

I , Prvp. 21. 


= IBE T,Prcf.il,Ccr i 

_0R 

'OQ 

y/i. 

^nd IS evldenll> cqu.IatcraL 

iS Wi ji s Ics 5", 3 F, and 2' draw a tmnglc, and coastrnct an 
equilateral inar^jle of equivalent area 

17. Cons'ruct a regular hexagon of 2.25 sq n area. 

18 Construct a regular octagon con'aining an area of 4 sq in 

19 Construct a regular pentagon contaimng an area of i 44 sq in. 

20 Draw a regular hexagon of I in ssde, and construct another 
containing half its area. 


Centres of Similitude of Two Circles 

Def . — Jf the line joining the centres of two drdes 
be diXrided iniernaih and extemallj in the ratio of their radiiy 
the points of division are called the internal and the 
estemal centres of similitude of the drdes 



DEMONSTRATIVE GEOMETRY 


238 


Proposition VI 


The direct and ftansverse common tangents of two circles 
cut the line of centres m their external and internal centres 
of similitude respect ivel) 



Let the direct common tangent TV meet the line of 
centres in 5 

Then from similar As OTS, (f TS we have 
OS _ OT 

'as~ ar 

Thus the line Otf is divided externally in S in the 
ratio of the radii of the circles 

Similarly, we can prove that the transverse common 
tangent tt' divides Otf internally at S' in the ratio of the 
radii 

Hence S, S' are the external and internal centres of 
similitude 


EXERCISES 

1 The bne joining the extremities of parallel radii of tw etrelet 
passes through their external, or internal, centre of similitude, according 
as the radii are drawn in the same or opposite ''"r e t 
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Let OP-, UP' be panllcl radu, and let PP, OU meet m J , then 
from similar As 

OS OP 
US~OP 

Ilcncc ^ IS the external centre of similitude 



Simihrlj, proac that the join of the extremities of the parillel radii 
Of, OP, drawn in opposite senses, passes through the internal centre 
of similitude 

2 If (hoitsh a eenhe of st unlit tide of two ttrcles a secant be aiaavn 
to both the cttcles, the tadit drawn to a fair of corresponding points ate 
paial/ef, and the distances of these points from the centre of similitude 
ate III the ratio of the radii of the circles 



In As SOP, sup 

SO _0P 

su~up' 

and / OSP=: /U Sh, the remaining angles being both acute ; 

the As are similar 


IDtf, 


OP'i, Up 
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Similarly, 


OQ 


aq, and 


3 If S IS a given point and PQR a given eirele, prove that the toeut 
of a point p which divides SP in a qiven ratio is a circle 
In the figure of the last exercise 

ratio of radii. 


and the locus of p is the circle pqr 

Note. — This IS a verj useful theorem 

4. The base of a tnangle and the median which bisects the base 
being given, protc that the locus of the centroid is a circle 

6 The base of a triangle and the vertical angle being given, prove 
that the loci of the centre of gravity and the midcentre are circles 


Proposition VII 

If through S, a centre of stmtltUtde of two circles, a secant 
SpqPQ be drawn, cutting one of them in the points p, q, 
and the other in the corresponding points P, Q, then the 
rectangles 

Sp SQ and Sq SP are constant 



P SP* VI,JSx,2, 
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. r Sp. Sq 
" R~ SP.Sq 
SP 

SP.Sq 

[ When St is a tangent through S 
Hence Sq. SP is a fourth proportional to three constant 
quantities i?, r, St\ and is therefore itself a constant. 
Similarly, Sp . SQ is a constant 


EXERCISES 

1 If a nrch touch two ^iven circles the hne through the points of 
contact passes through one of the centres of snrthtude of the given arcles. 



Let O, O' be the given circles, and C the cucle vrhich touches them 
at the points P, g, and let Pg meet OU in S Then 

Z.OPQ=Z.CPg=-ZCgP=ZfitsP=^Z.(yp3 > 

op^ap 

Hence Pgp passes through a centre of similitude 

\Prop VI, Ex, 3 . 
K 
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2 Draw a arele to pass through a given point and to touch two 
given circles 

Let R be the given point and O, ff the centres of the given circles 
(figure of last Ex ) 

Suppose PqTR is the required circle, and let it cut SR in T 

Then ST SR=Sq 5’/’= Constant, TEx i 

7* is a known point 

If we draw a circle through R and T touching one of the given 
circles \_Sectton IV, Prop IV it will touch the other gi^en circle 

Hence the following construction — 

Find S the external centre of simihtude of the gi\en circles. Draw 
St a tangent to the lesser circle, and join SR From SR cut off ST 
such that ST SR=Sfi Draw a circle through R and T to touch one 
of the given circles 

Since there are two solutions of Section IV , Prop IV , hence there 
are two solutions in this case Again, instead of S we may take S' the 
internal centre of similitude , this wnll give nse to two more solutions. 
Thus there ire four solutions. 

3 To draw a circle to touch three given circles 



Let A, B, C be the centres of the given circles, and n, r,, r, iW 
radii respecUvely u « j 

Suppose r-i is not greater than either rg or r^ 
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With centre j? and radius rs— r| describe the arclcjP/*, also, with 
centre C and radius r,- r, describe the circle CQ 

Dra%\ a circle APQ to pass through A and to touch the circles EPt 
CQ III /*and C [ZTr 2] Let O be the centre of this circle 

Join OAy cutting the circle, centre At in L 

With 0 as centre and OL as radius describe the circle LMM, 

Then I.MNn the required circle 

The student can easily supply the proof 

MISCELLANEOUS EXAMPLES.— VII. 

1 Two circles whose centres arc A and B touch externally at C; 
prose that if PQ be a common tangent not passing through C, then 

PC"-+QCP-i^AC BC 

2 A circle touches one side BC of a tnanglc, and the other sides 
AB, A C produced, the points of contact being D, F E If / be the 
centre of the inscribed circle, prose that the triangles lAEt ^AF are 
together equal to the triangle ABC 

3 If a quadrilateral be inscribed in a circle, and from any point on 
the circumference perpendiculars lie drawn to the four sides, their 
lengths arc the four terms of a proportion 

4 . AB, CD arc diameters of a circle at right angles to each other. 
BPQ IS a straight line meeting the arclt 111 P and CD in Q 

Show that CP DP^BP QP 

6 ABC are three points in a line Circles arc described on AB, 
BC, AC Vi diameters If the common tangent at B meets the circle on 
AC aX P, prose that QPR is a right angle where QR is a common 
tangent to the circles on AB and BC 

6 If two intersecting circles, one of svhich is of given radius, touch 
a fixed straight line at the fixed points A and B, and if P and Q be the 
points of contact of the other common tangent, find the locus of the 
middle point of PQ. 

7 Prove that the difference of the squares of the direct and transverse 
common tangents to two circles is equal to the product of their dia- 
meters 

8 ABC and EBC arc two isosceles triangles, E lying on AB A 
is the vertex of one and C of the other Show that the rectangle 
AB , BE^^z square on BC 

9 Prove that the triangle formed by joining the centres of the 
escribed circles of a tnanglc is similar to that formed by joining the 
points of contact of the inscnbed cucle 
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10 If the middle points of adjacent sides of a rectangle lie joined, 
and four circles he inscribed m the triangles so formed, prove that the 
rectangle 'uhose vertices are the centres of these circles is half the 
original rectangle. 

11 If ABC he a triangle in which A CB is a right angle, show that 
the area of the square on AB, together with four times the area of the 
tnangle, is equal to the area of the square on a line whose length is 
equal to ^ C and CB together 

12 The locus of a point which moves in the plane of a tnangle so 
that the sum of the squares of its distances from the angular points is 
constant is a circle 

13 Avanable circle touches two fixed circles Show that the line 
joining the points of contact passes through a fixed point 

14 PQ IS the common chord of anj two equal circles which touch a 
given straight line in two given points A, B , show that PA, QB 
intersect on a fixed arcle 

16 If ^ he any point in the side BC of a tnangle ABC, prove that 
A£P CD+AC^ BD-BC BD CD + AIP BC. 

16 An equilateral triangle DEP is inscribed in a given equilateral 
triangle ABC so that D falls on BC, E on CA, and P on AB Prov e 
that the area of DEF is a minimum when its sides are parallel to the 
sides of ABC 

17 The circles ABCD and AEFD intersect in A and D, and the 
straight lines BAE'axii, CDF ■as^ drawn, prove that jSC and .EF are 
parallel 

18 Given the nine points circle of a tnangle, one extremity of the 
base, and the straight line in which the base lies , construct the tnangle 

19 If one of two circles lies wholly within the other, find the points 
P on the inner circle and Q on the outer circle such that PQ maj be 
(i ) a minimum and (ii ) a maximum , no part of PQ lying within the 
inner circle 

20 If a tnangle given in species hav e one vertex fixed and if a second 
vertex moves along a fixed line, then the third will also move along a 
fixed line [When the an^es of a inan^e are given, it is said to he 
g^iven in ^eoes ] 

21 If an equilateral tnangle have one vertex fixed, and if a second 
vertex moves along a fixed line, then the third will also move alone a 
fixed line 

22 A and B are two given points on the same side of a given line 

L It IS required to find the pomt on L at which AB subtends tile 
maximum angle. ' 
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23 In the last exercise show that there is a ininimuin position 
betviecn t^^o maxima. 

24 Of all triangles on the same base and between the same parallels 
the isosceles triangle has the maximum \ eri cal angle 

25 A and B are tw o gi\ en points w ithout a gi\ en circle C 1 ind 
the point on C at which AB subtends the maximum angle 

26 P IS any point on the base BC of an isosceles tnangle ABC ; 
show that the radii of the circles APB, APC are equal 

27 Pro\e that if two circles intersect, the tangents at a point of 
intersection are equidistant from a centre of similitude 

28 If D, E, F be points on the sides BC, CA, AB of a tnangle 
ABC, such that 

BrP->r CEr+AF-=CIP+A£r+BF^ 
show that the straight lines drawn at nght angles to the sides through 
£>, E, /"will meet in a point 

29 Equilateral triangles are desenbed on the sides of a triangle, 
extemallj , prove that their circumcircles meet in a point and the 
centres are the %eibces of an equilateral triangle. 

30 Describe a tnangle of given species so that one angular poin>. 
may be at a gi\en point and the others on gnen straight lines 

31 If /j, I^ I^ are the centres of the circles esenbed to the sides BC, 
CA, AB of a tnangle, and if I\X, InY, i^Zare perpendicular to BC\ 
CA, AB respectnely, then I-^X, LY, I^Z are concurrent 

32 Through a given point within a circle draw a chord of given 
length 

33 Through a given point without a circle draw a straight line to 
cut the circle so that the part of it which is intercepted by the circle 
may ha\ e a gn en length 

34. The base BC and the vertical angle of a tnangle being given, 

and the loci of I, /j. In, I^, the mcentre, and the three excentres 

36 In the tnangle ABC, in which the angle at is a nght angle, 
ihe length of the perpendicular drawn from C on AB is/ ; prove that 



36 The rectangle contained by the perpendiculars from any point 
in the circumference of a circle on tw o tangents is equal to the square 
of the perpendicular, from the same point, on their chord of contact 
37. PQR IS a straight line parallel and equal to the base BC of a. 
tnangle ABC, meeting the sides in P and Q Show that the tnangles 
BPQ, A QR are equal 

88 Construct a tnangle, having given its pedal tnangle. 
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39 Two variable circles touch a given straight line at two fixed 
points A and B, and ilso touch one nollier at the point P Find the 
locus of P 

40 Construct a triangle liaMng given the inscribed circle and an 
escnbed circle 

41 Construct a triangle, haiang gi\en two of its escribed circles. 

42 Construct a tnangle, haMng given its incentre and two of its 
excentres 

43 Inscribe a square m a given semicircle, and prove that the 
square inscribed in a circle is to the square inscnbed in the semicircle 
■as 5 to 2 

44 The areas of any two pol3’gons, descnbed about the same circle, 
are to one another as their perimeters 

46 If a hexagon be inscnbed in a circle, the continued product of 
the perpendiculars drawn from any point in the crcumference to the 
■odd sides is equal to the continued product of the perpendiculars to the 
even sides 

46 If a tnangle be inscnbed in a circlp, and tangents to the circle 
be drawn at its angular points, the continued product of the perpen- 
diculars let fall from any point in the circumference on the sides of the 
tnangle is equal to the continued product of the perpendiculars from the 
same point on the tangents 

47 On the sides of a triangle ABC squares BCAiAg, CAB^B^, 
ABC^Cf are desenbed external to the triangle , show that 

AAi^+BBi^-^ CCi^^AA„^+BB!?+ CC^ 

48 In an equilateral tnangle ABC, AD is drawn to cut BC in D , 
show that the square on AD is greater than the rectangle contained by 
BA, BD 

49 Construct an equilateral tnangle, having given its centre and one 
point on each of two of its sides 

60 On each of the sides of an acute angled tnangle a square is 
desenbed, so that the t langle u, outside all the squares Straight lines 
are drawn through the angular points perpendicular to the opposite 
sides of the triangle, and produced so as to divide each of the squares 
into two parts Show that each square is equal to the sum of the 
-adjacent parts of the other two squares. 



DEFINITIONS 

Terms defined in the text aie not gtten heie 

Acute ang^lc. — angle less than a rjght angle is 
called an aaite angle 

Acute-angled triangle. — A triangle which has three 
acute angles is called acute-angUd 

Adjacent angles. — When three straight lines are 
drawn from a point, if one of them be considered as lying 
between the other two the angles winch it makes with the 
other two are called adjacent angles 

Altitude . — Ike Base 

Angle. — When two straight lines arc drawn from a 
point they are said to form an angle 

Arc. — Any part of the circumference of a circle is 
called an arc. 

Arm of angle. — ^The two straight lines which contain 
an angle are called its arms 

Axis of symmetry. — A straight line m the plane of a 
figure, which is such that if the figure is folded about it 
the two parts exactly coincide, is called an axis of symmetry 
of the figure. 

Base. — Any side of a triangle may be selected as its 
hase^ apd then the perpendicular upon it from the opposite 
vertex is called its altitude 
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Simjlarlj, any side of a parallelogram may be selected 
as lib base, and then the perpendicular distance of its 
opposite side is called its altitude or heig^ht. 

Centre — Ihe point within a circle from which all 
straight lines drawn to its circumference are equal is called 
the centre of ihe cucle 

Chord — A straight line joining two points on the 
circumference of a circle is called a chord of the circle 
Chord of an arc. — A straight line joining the 
extremities of an arc is called the chord of the arc 

Chord of contact of tangents — If two tangents be 
drawn to a circle the straight line joining the points of 
contact IS called the chord of contact of the two tangents 
Circle — K plane closed line, which is such that all 
straight lines drawn to it from a fixed point within it are 
equal, is called a aule 

Circumference — he same definihon as that of a 
arcle. 

Circumscribed circle, Circumdrcle — ^The circle 
which passes through all the angular points of a rectilineal 
figure is called its ciraimscnbed arcle or arcumarcle 

Circumradius — ^The radius of the circumcircle of a 
figure IS called the circumradius of the figure 

Circumcentre — The centre of the circumcircle of a 
figure IS called the nrciiincentre of the figure 

Complement, Complementary. — ^Two angles which 
are together equal to one right angle are called complementary 
angles, and each angle is called the complement of the other. 

Concentric — Circles which have the same centre are 
called concentric circles 

5 Cong^ent fig^ures — ^Figures which can be made to 
comade are called congruent figures 
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Corollary. — further inference from facts ^\hlch have 
alread) been proved is cilled a corollary 

Corresponding’ sides. — ^Tlie pairs of sides of equi- 
angular triangles, which are opposite to equal angles, arc 
called con e'ponding sides 

Corresponding vertices. — P.airs of vertices of two 
similar figures, at winch the angles are equal, are called 
corresponding vertices^ and pairs of sides lying between 
corresponding pairs of vertices arc called corresponding 
sides. 

Cyclic figure. — h rectilineal figure which is suah that 
a circle can be drawn to pass through all its vertices is 
called a cyclic figure 

Decagon. — A figure of ten sides is called a decagon. 

Diagonal. — ^A straight line joining any tw 0 non-adjacent 
vertices of a rectilineal figure is called a diagonal. 

Diameter. — A straight line draw’n through the centre 
of a circle and terminated both w.ays by the circumference 
IS called a diameter 

Dodecagon. — A figure of twelve sides is called a 
dlodccagon 

Hqual angles — Equal angles are such that if their 
vertices are made to coincide, their arms can also be made 
to coincide 

Hquiangular figures. — Two rectilineal figures are 
said to be equiangular when the angles of the one, taken 
in order, are equal to the angles of the ether, taken in 
•order. 

Hquiangular fig^ure. — A figure is said to be equi- 
angular W'hen all its angles are equal 

Equilateral figure. — K figure is said to be equilateral 
vihen all its sides are equal 
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Equilateral triangle — ^An equilateral triangle is a. 
triangle having three equal sides 

Excentre. — ^The centre of the escribed circle is called 
the excentre 

External bisector of angle. — The bisector of the 
supplement of an angle is called the external bisector of 
the angle 

Heptagon — A figure of seven sides is called a Juptagon. 
Hexagon — A figure of six sides is called a hexagon 
Hypotenuse — In a right-angled triangle the side 
opposite to the right angle is called the hypote}iusc 

Incentre — ^The centre of the inscribed circle is called 
the incentre. 

Inscribed circle. — If all the sides of a rectilineal 
figure touch a circle, the circle is said to be inscribed in the 
figure, and the figure is said to be described about the circle. 

If a circle touch one side of a triangle and the other 
tivo sides produced, it is said to be escribed to the triangle. 

Isosceles triangle. — A triangle which has two sides 
equal is called an isosceles triangle 

Kite — h. quadrilateral w'hich has two pairs of equal 
adjacent sides is called a kite 

Line. — ^A line is that which has length, but neither 
breadth nor thickness 

Mean proportional — ^If A, J3, C are three lines, such 
that A B = B C, B said to be the mean proportional 
between A and C 

Obtuse angle — An angle greater than a right angle 
is called an obtuse angle. 

' Obtuse-angled triangle —A triangle which has an 
obtuse angle is called an obtuse-angled triangle 

Octagon.— .A figure of eight sides is called an octagon. 
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Parallel straight lines. — ^Two straight lines which 
.a’’c in the same plane, and do not meet however far they 
maj be produced both ways, are said to be parallel 

Parallelogram. — A quadrilateral whose opposite sides 
are parallel is called a parallelogram 

Pentagon. — A figure of five sides is called a pentagon. 

Perimeter. — The whole length of the boundary of a 
figure IS called its pcttmelet 

Figures which have equal perimeters arc said to be 

isoperimetrical. 

Perpendicular. — If two lines are at right angles to 
each other, either of them is said to be perpendtculat to 
the other 

Plane. — A surface, which is such that the straight line 
joining any two points m it lies wholly m the surface, is 
cal’ed a plane 

Plane figure. — h. figure which lies wholly in one 
plane is called a pla7}e figure 

Point — h. point IS that which has position but not 
magnitude 

Polygon — A plane figure bounded by more than four 
sides is called a polygon 

Quadrilateral — A quadrilateral is a plane figure 
bounded by four straight lines 

Radius — h. straight line drawm from the centre of a 
circle to meet the circumference is called a radius 

Rectangle. — K. rectangle is a parallelogram having one 
of Its angles a right angle. 

Rectilineal figure. — A figure bounded by straight 
lines IS called a rectilineal figuie 

Reflex angle. — An angle greater than two right 
angles is called a reflex angle 
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Regfular figure — K figure which is both equilateral 
and equiangular is called a i eg,ilar figure 

Rhombus. — A quadnlateml, all of whose sides arc- 
equal, but whose angles are not nght angles, is called a 
rhombus 

Right angle. — If a straight line standing on another 
straight line makes the adjacent angles equal, each of 
these angles is cilled a right angle, and the straight lines 
are said to be at right angles to each other. 

Right-angled triangle — A triangle which has a. 
nght angle is called right-angled 

Right-bisector. — The straight line which bisects a 
given straight line at nght angles is called the right-bisector 
of the given straight line 

Secant. — h. straight line drawn to cut a circle is called, 
a secant 

Sector. — ^The figure bounded by an arc of a circle and 
the radii drawn to its extremities is called a sector of a 
Click, and the angle between the radii is called the angle 
of the sector. 

Segment of a circle — The figure bounded by any 
chord of a circle, and one of the arcs into which it divides 
the circumference, is called the segment of a arcle , and the 
angle subtended by the chord of a segment at any point on 
Its circumference is called the angle m the segment, 
and the segment is said to be capable of the angle 

Similar segments — Segments which are capable of 
equal angles are said to be similar 

Solid — K solid IS that which has length, breadth, and 
thickness 

Square.— A rectangle which has a pair of adjacent 
sides equal is called a square 
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Straight line — K sUatghi Imc is the shortest distance 
between two points 

Supplementary, Supplement. — Two angles wliose 
sum is equal to two right angles are called sitpphvtuiiaiy 
at,gks, and each angle is said to be the supplemei’t of the 
other. 

Surface. — A surface is that which has Icngtii and 
breadth, but no thickness 

Symmetry, Symmetrical — ^^Vhen a figure is such 
that It can be folded about a line so that the two parts 
cxactlj coincide, the figure is said to be jri tnntcfncal about 
the line, and the line is called an axis of sytnmeiry of the 
figure 

Transversal. — A straight line w'hich cuts a number of 
other lines is called a iransvctsal 

Trapezium. — ^A quadrilateral, two of wdiose sides are 
parallel, is called a trapezium 

Triangle — A figure bounded by three straight lines 
is called a triangle 

Vertex — ^The point where the two arms of an angle 
meet is called its vei fex , and any angular point of a 
rectilineal figure is a vertex of the figure. 
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BOOK X 

Proposition l 3 Right angle 4 45“ 6 137* 6 90* 

3. 1 Four equations added give the required result 2 OP, OQ 
(bisectors of ^O.D, BOC, Fig Prop 3 , draw OK bisector of COA 

6 6 In each case there are two angles, one acute, the other obtuse 
If we take the acute angle in one case and the obtuse in the other, the 
angles are supplementarj 

7 1 iSo* 3 90°, 30° 4 90*, 54*, 36* G 45“ 9 6o“ IL 

36“ 60“ 84“ 

8 1 ^i- 2 ^lSo* 2 JoS“ 3 120°, 135“, 144“, 150“ 4 Sis. 

^ Eight 6 Ten 7 TweKe 8 Light 

9 6 Z> he on AX 8 In As ACA’, BOB’, ^ACA'=6o'‘-hC 
—/_BCB , sides about these angles are equal 

10 7 See definition of kite 

11 4 7 S“ 6 72“, 72', 36* 7 60“ 8 On one of the arms 

desenbe an equilateral triangle 10 90“, 45*, 45“ 11 Join P to the 

centre 

12 6 Make an exact drawing on a large scale, measure various 
angles, and find reasons for their equalit} 

16 6 05 + 0 C> 5 C, and two more inequalities. 

17 3 Let It, if possible, cut in three points , join the points 
to the centre 4 . Draw the perp from the vertex on the base 
6 Triangle ABC, D mid pt of BC , produce AD to O, making 
DO=.DA , join OC, and prove it equal to AB Apply Prop 16, 
Ex 1 

18 2 From two pts on one of the parallels draw perps on 

Ihe other , these perps are equal by Ex i 3 (1 ) ABCD quadri- 
lateral , draw diagonal AC , apply Prop 10, (ii ) apply Prop 13, 
(ill ) apply Prop 4 and 10 , (n ) Prop 10 8 Prop 9 9 Prop 13 

12 Prove bisectors of opposite angles parallel, and of adjacent angles 
perpendicular 
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19 3 A, By C angular pts. mid- pts. of opp sides ; 

•produce FC to C, making EC~EF\ prove EAF, ECG congruent; 
1\,nce FBCC i« a 4. Draw diagonal and applj Ex. 3 B Follows 

f'oni Ex 4. and Prop iS 

MISCELLANEOUS QUESTIONS AND 
EXERCISES—I. 

3 1 2; 4, 5; It, 12, 15, 16 6, See Ax/ Ge/nn 11, Prop 18. 

12 W hen ihej are not in the same plane 13 Apply Prop ", Cor 
17 Six, VIZ- equilateral, isosceles, scalene, nght-angled, ob'use-angled, 
acute-angled- 18 If A—C l>e not greater than A, then it must be 
either c^ual or less ^Vhat is the consequence in cither case’ 19 
Def of a St- line 20 Sue 21 Draw perps. to the s des 22 Prop. 
9 23 Prop 9, join Q to mid pt of CP 24. Prop 16, Ex. I. 
25 AD bisector of BC , on AD produced take DO=^DA , join CO 
Pro^e CO=:AB=AC 31 Draw perp from vertex on base 32 Draw* 
perns from A on BC and CD Express BCD in teniis of BAD 
35 .\nplv last exercise 36 AC, AD intersect in <7, prove AC=: AD; 
prove OBC isosceles, then p'ove OED isosceles 37 Prove OBD 
iso'ccles, 38. First draw triangle woth sides 5, 6, and 7 cm 42 Dravr 
perp from A on BC 43 Eighteen 44 Twenty. 45 Join one 
mid pt with opp angular pts. ; apply Prop 9 47 Start witlr 

■drawing one diagonal, prove sum of sides greater than twice this 
diagonal Then draw the othtr oiagonaL 49 Prop 16 63 Applj 

last two exercucs 65 Square and equilateral triangle. 66 Thirtj- 
six 57 -kssume tne contrirv and apply Prop 17 60 Assume the 

conlrarv and see wh-'i resiihs 61 Draw the bisector of the vertical 
■angle AOB , the figure can be folded about this line. 62 Prop 9 
■63 This line coincioes with bisector of vertical angle. 64 Line is 
parallel to DC ; passes mid. pt of side AD of triangle ADC 65 
Prove OECy CAA congruent. 68 Draw parallel to AC through A, 
meeting BF in R 70 Sec Ex 65 71 In figure of Ex. 65 prove 

that a parallel to A B through O bisects both diagonals 73 A BCD 
parallelogram, m which AB is greater than AC; from BA cut off 
AAsAC, and b.sect CP In O , prove AC, CO bisectors of the angles 
at A and C Similar!) construct the other bisectors 76 Linejoinmg 
mid pts of sides of triangle is parallel to base and equal to half the base. 

Proposition 20. 2 Place them on the same base 3 Place them 
on sam» base, and suppose, if possible, tlidy have different altitudes: 
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4. Suppov, if possible, the ba^c<i arc iliHcrcnt, •») .//», AC B Thic 
IS only 1 parlicnlar case of the peneral theorem, nn! is scf> innioriaiit 
The list three exercises follow cisilj from this. C If we fhe 7 cm 
a;, base, the height of the pinllclr^im is 2 5 cm , mil irci- 17 $ 
sq cm 7 Ilach lint is pinllcl to base S Divide Uvse into five 
equal parts, anti draw jianllcls through jiis. of division 

21 Cor I In figure of Prop 21 let ” //VI' and A IRC have 
same ba.se and same aliitiide^ 

22 1, 2, 3, and 4 follow from Prop 2I Cor 2 0 Place the 

triangles so that supplvmentarj angles art adjatent , you then have 
two triangles with equal bases and a common vertex Tits theorem 
IS very important 10 Draw perps from vertical angles on common 
base, and prove them equal 11 aid 12 follow from the fact tliat 
triangles with common vertex and equal l>i*cs arc ctpial 

23. 1 On OX, 01' measure lengths a, 6 in succts-um a id e, »/; 
through pts of div ision draw paralkK 

24. Take OX, OK X to one another On OA' mea.sute the length 
a+ 6 , and on OKthc lengths <j, fi in stirccssion Draw parallels. 

26 G Put^JSsx, i7C=^, CD^i, express the result to be provral 
m terms of x, y, s 

27 Cor I This means that sq ADt:”^ Rf 2 The hypo- 

tenuse and side of right angled triangle art givtn, con truci it U. 
Prop 2 10 Prop 4 11 If tilt triangle ARS bt ro’attd through 

a right angle round the pt A, it will coinudt wivli iht triangle 
DBC , hence each side of one triangle is pcryiindicular to the corre- 
sponding side of the other in tlitir onginal positions. Tins is a v cry 
useful method of proof 14 Tollows from Prop 22, Kx 9 19 Join 

mid pt of longest side to opp angle 

28 1 In the tigure of this proposition with the given measurements. 

find ar=l , hence and arca=4,y6 sq cm 2 /v=i 78", 

A= 84 sq in 3 V!I> ii t ® Follows from Ex 4 7 Apply Ex. 
4 , the perps arc 2 3" and I 9" 

29 1 SJ. cm , 3J cm 3 \/{39) 8 cm , segments are 

8151 and44Jcm , A=5 46sq cm 

MISCELLANEOUS QUESTIONS AND 
EXERCISES-II 

6 Const similar to that of Ex 4 In each row there arc m 
squares, and, since there are n rows, we hav e «« squares each of i" side. 
« 8 7S sq in 9 The sum=lin!f the area of ABCD 11 Apply 
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Ex. lo 15 fi, /2, /s perps j / altitade and a side of triangle; then 
at--^^^ap»—ap^=2.A=-ttp Prop. 2i, Cor 2 14. The SMta—^Afa, 

where A is the area of pohgon and a its side. 16 Applj Ex. 15 
17. Apply Prop 21, Co' 2 IS i\/73. 19. 12S 5 20 12 sq in 

21. 5" 22 Prove that each diagonal bisects the other, by considenng 

the join of the vertices of two equal triangles on opp sides of 
same base 23 Prop 29, Ex. 9. 24. The two trapeziums in the 
figure are congreenL 25 Prop. 29 Cor 27. 197 feet. 28 99 
23 60% 30'. C2. -Appl, Lx 31 S3 Prove four Inangles formed 
equal. 35. Prop 21, Cor. 2 36 6 3 cm 37 Bisect the angles 

IiCi-ween t*'e diagonal^ . prove these bisectors the diagonals of a square. 
3S Deduce from Prop 29. Cor, as a special case in which the 
vertex o*” the tnangle is siiuated in its base or base produced 39. 
136 sq cm. 41. i(/i— /cW 42. \ad’. 43 \dd ‘ draw perps. 

from the extremities of one diagonal on the other. 46. If not obtnse, 
then right or acnte; what are the consequences’ 49. Apply Ex. 
47 51- The altitude of the tnangle must be double that of the paral- 

Iclogiam. 64. In Prop 29, Ex. 9, > or <»// according as? 

65 Apply Ex. 54- 

ProposIHoaso 1- The circle whose centre is the fixed point and 
radius the given disiarce. 2. Two line parallel to the given Ime, at 
the given dismnce from it and on opposite sides of it 3 The nght- 
h jec.or of the join of the two fixed points 4. Right-bisector of the 
liase. 6 Circle whose centre is the given point and radras the given 
lengtn C Two straight bnes parallel to the given base, at the distance 
of the clti ude from it, and on opposite sides of it. 

31. 2 Let ABC be one of the tnangles on the base BC. A 
parallel to BC drawn through A is the required locus Or, if A be 
the given area and BC=.a, then the locus is a st. Ime parallel to BC, 
at a distance A/o from i*. 3 A sL line parallel to the fixed bne 
and bisecting the distance between the given pt. and fixed line. 4. A 
St. line parallel to the base at 3 distance equal to half the common 
altitude of the triangles. 6 A st. line parallel to the base at a. 
distance equal to half the altitude of the parallelograms 6 A circle 
whose centre is at the miudle point of the base, and radius equal 
to the given median. 7. Since the required pt. is equidistant from 
A and B its locus X is the right-bisector of AB% since it is equi- 
distant f—m B and C its locus K is the nght-bisector BC There- 
fore the required pt. is the pt of mteisection of X and K 8 Draw 
the ' external bisectors of the angles of the triangle formedi 
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the lines. Prop 31 The intcncction*! of these bisectors mil gise 
the required pt« , which .ire four iii number loii had better make 
an accurate drawing 9 A is the right bisector of r , Prop 30, 
1 a 4 1' consists of two lines parallel to a at distances .i/o on cither 
side of It, Prop 31, Lx 2 The intersection of X and Y gives two 
points, hence two triangles can be constructed 10 A" is the nght- 
bisector of the join of given pis, 3' is a circle. There are two 
solutions, one or none 11 A is the Kcus of Prop 3*1 ®od I is a 
circle Draw figures for the various possible cases 12 A' is the locus 
of Prop 31, I'x 2, but on both sides 3' is a circle of radius m and 
centre at the mid pt of BC 

32 3 Ml the chords have a common central perp 4 Follows 

from L\ 3 10 The b.sector of jiarallel sides is an avis of sj mmetr) 

33 2 Let OA, OB, OC In. tlie lines Since these arc equal a 
citele with centre Owill pas-, through I, B, C , and this is the onlj 
circle 3 If thev nterscct in a third point thev must coincide C 
Draw the righl-biseclors of anj two chords 6 Diagonals are equal. 
0 1 he line joining mid pis of parallel sides is an axis of sjmmctr} 

35 6 Draw the common right bisectors of the chords and applj 
1 a S 

36 3 and 3 Draw perps from the centre and applj Prop 27 
4 Draw perps from the centre 6 12” 7 17" 8 224 feet 9 9" 
10 Draw perps from centre 

37 1 Draw another 4. The perp at the given pt C Draw 
central perps to the chords 7 Join extremities of chord to the centre 
.8 Draw central perp on given line. 9 Draw through centre 
parallel and perp to given line 10 What angle does the radius to 
ithe point of contact make with the same oiamelcr’ 

38 6 The centres arc at the angular pts of a triangle whose sides 

are 3", 4” and 5", see Ex 9 6 A circle of radius A+r 7 A circle 

of radius A’-r 8 The line through the centre and the given pt 
9 The centre are at the angular pis of a triangle, whose sides are 
(»2+»3), {'a+^i)i (r.-7j) 10 The 

centre is on the line of centres one inch from the pi of contact of 
given circles 11 The perp through the given pt 12 The centre 
IS at the intersection of the locus of Ex. ir and the other line 
13 The centre is the intersection of the locus of Ex S and the other 
arcle There are several cases 

40 e The two points where the diameter, bisecting the base at 
right angles, meets the circumfercnte 7 A, £, C three pts , draw 
Any line BP and make the angle ACP=mg\^ ABP, then is the 
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required pt By varying the angle ABP we get an}' niimlier ef 
pts. in the circumference 8 The student will see further on that 
the proposition is general 

42 1 The foot of the perp from the opp angle on the third side 
2 Prop 41, Cor 3 Prop 42, Cor. i. 6 Join two opp angular 
pts 7 Join extremities of remaining pair of sides cutting each other , 
let {a, a') and {b, b') be pairs of parallel sides Then angles between 
a, b and a', b' arc equal , hence, by Prop 42, the remaining pair of sides 
and the dra^^n diagonals form isosceles tnangles 8 Draw the diameter 
bisecting parallel sides at right angles, join centre to angular pts 
9 Prop 41, Cor 

43. 1 If it is not a tangent, then draw the tangent 3 Draw the 
tangent at pt of contact; the circles may touch internally or exter- 
nally 6 Tangents at the extremities of a chord make equal angles 
w ith chord 6 Draw one arcumcircle and draw the tangent at ^ , apply 
Ex I 7 Draw one circle and draw the tangent at E , apply Ex i 

44. Cor 2 If OT IS nut a tangent, produce it to cut the circle again* 
in r' Then 

OP OQ=OT OT,\so.\.OP OQ^OT"^, 

. OT which IS impossible 

1. Draw a secant and apply Cor i 2 Apply Cor l to each 
circle 3 Converse of last 4. Follows from the last two The por- 
tions are the parts exterior to the circles 5 Let it cut a common 
tangent in 0 , the tangents from O arc equal 6 A, E, C circles 
Let common chords of (E, Q and (C, A) meet in O , then the tangents 
from O to {A, E) are eciual, therefore, by Ex 3, 0 lies on the common 
chord of {A, E) 7 Apply Ex i 8 Let ORR* be the commom 
chord, Ci’C* the secants , then 0/* OQ—OR ON=^OP OQ', 

Since OP OQ=:OP OQ^, therefore, by the converse of Prop 44, 
Rt Q» Rt Q are concychc 9 49 sq in 10 64 sq in 12 See 
next Ex 13 Draw a. figure, drop a perp from opposite angular 
pt on the side c, this perp x is half the common chord AIsoj 
cx=zL, where A is area of triangle 


miscellaneous questions and 

-EXERCISES— III. 

3 The centre 4 Consider sqm pf two s^dCs in any triangle D 
.Draw central petps pn the hne 6 ’jo»a-the centre to the mid pts. 
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■7 Drop central pcrps. on chords 11, (ii ) It touches the locus 
of (i ) Join the fixed pi to the centre, and prose the join of con- 
stant length 12 v/(r*-rS) js Drop central perps. on chords, and 
draw radii to pLs of section 14 Perp to diameter ssliich passes 
through the pt 16 Join pts of contact to centre 17 O centre of 
large circle, Cf of small , let 00’ A lie radius of large circle In 
order that the small circle maj lie within the other its radius must lie 
less than O' A 18 Let OA be radius of one circle , then in order 
that the other circle niaj not cut u its radius must be less tl an ff A 
21 Prop 3S, Ex 9 22 Drop central perp on chord 25 The 

diameter of the smaller circle is the greatest common chord 26 
Drop central perps on chords , the locus is the circle described on the 
radius to the pt as diameter 27 The circle de cribed o i the join of 
the giscn pt and the centre as diameter 28 A portion of the orcle 
described oa the join of the gistn pt and centre as diameter 29 
A concentric circle whose radius is the join of the ccrlrc and any 
4:xlremity of a tangent 30 JjlI O 1>c pt of intersection , drop 
jicrps from O on chords, prose these perps arc in a st linC 
31 Describe the circle circumscribing ARC, and let O be 1*5 centre, 
tnen since A is gisen, the angle BOC is gnen , therefore subtends 
a constant angle at centre Hence length of BC is fixed and de- 
termined Thisisascrj important theorem 32 On the radius to 
the point as diameter describe a circle which will pass through the 
feet of the perpendiculars Now applj Ex 31 33 Join the point 

of intersection to the centre 34 Prop 41 36 Prop 43, Ex i 

36 Let AB, CD be parallel sides of trap ABCD Draw AL, 
BM perps on CD Prove DM=CL‘, hence prose DL=MC , 
hence AD—BC AB, CD hare same nght-biscctor about which 
the figure is symmetrical 37 ABCD cyclic quadnlatcral Let 
bisector of angle A meet circumference in P and DC in O Con- 
sidering the triangles OAD, OCP, prose that PC bisects the extenor 
angle at C 38 Place the triangles on opposite sides of common 
base, the quadnlateral so formed is cyclic. Prop 42 39 Apply 

Ex 38 40 Atthept of contact two pts are common , if they meet 
in a third pt they must coincide altogether. Prop 33 42 Join the mid 

pt of ladder to the foot of the wall , the locus is a quadrant of a circle 
whose radius IS half the length of the ladder 43 The chord joining the 
extremities of two radii at nght angles 44. Chord joining the extremi- 
ties of two radii whose angular interval is of 120® 46 ABCD quadn- 

lateral , produce [,AB, DC) and {BC, AD) to meet in E, F Draw bi- 
■sectors EO, FO cutlmg BC, DC in P, Q Put down the values of the 
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angles of the tnangles EBC, FCD , obtain hence the angles ORC, 
OQC Finally find POQ 46 A circle on the hj potenuse as diameter. 

47 A, B fixed pts , O mid pt. of AB, and P moving pt Then 
PjP^PB^s=.iOF^JrzOAr Prop 29, Cor Whence t?/* is constant 
Locus 15 a circle whose centre is O 48 . Draw the line of centres 

48 ABCD quadrilateral inscribed in a circle , A C, BD intersect in 
O ; OL perp to AB meets CD in P Then prove 

^cop=jn:)BA =ZPC0. 


Proposition 45 6 See fig of Prop 19 

46 2 (1 } and (11 ) Each side is a mean proportional between the 
hypotenuse and the segment adjacent to the side (111 ) The perpen- 
dicular on the hypotenuse is a mean proportional between the segments 
of the hypotenuse (iv ) The segments are in the duplicate ratio of the 
adjacent sides 3 Prop 42, Cor 1 4 Tnangles formed bj segments 

are equiangular 6 Prop 43 8 If then each fraction 


Apply Prop 48 6 Prop 48 7 Prop 


9 liin 10 ySft 11 23 ,Vrfcet 

® AC~BQ~BQ 
fS 8 Draw AL perp to AB towards the same side of AB 
as C, and of any length, draw AM perp to AC towards the 
same side ot AC as B, and make it 'half as long as AL Through L 
and M draw parallels to AB, A C meeting in 0 Then CO produced 
both ways is the required locus 

49 1 Make thb same construction ns in the proposition, and apply 
Prop 45, part second 2 Let x=length of segment adj to 5; 
then xj {7 - ar) = 5/6 The segments arc 3/r cm. and 2-1 t cm 3 35 cm. 

, , ah ac be ab ca cb 

^ b-¥c 3 +c f-i-a f+o' + o+^ 

50 3 4 9 4 . 441 400 B 3 4 6 400 sq yds 7 See 

Ex 10 9 Prove medians proportional to corresponding sides, by 

placing one triangle on the other 10 Let A, B be similar tnangles 

on sides a, b, and C the similar triangle on hypotenuse c. Then 

ABC A+B C . 

^=^=p, . Denonunatoxs are equal 
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MISCELLANEOUS QUESTIONS AND 
EXERCISES— IV. 


4 DE=f, EC=i 35 ’ B 9'. S’ 6 2 7" from A 

7 OR^g" 8 Join ED, I'D, AEFD is a par'illclogriin 9 In 
similar triangles OGT, DGC, OF =:JZ?C, . rG=\,CG Similarly 
pt of intersection of BE, Cl is a point of tnscction of CF Ilcnce 
medians pass through the same pt iihich is a pL of tnscction of 
each median 10 Find the ratio of the perps. from G and A 
on BC 11 Triangles lia\c same alutnde , use similar tnangles 12 
B) rotating one of the triangles tlirough a nght angle, its sides can be 
made parallel to the sides of the other 13 Z and J(f mid pts of 
AB, AC, pro\e triangles CAL, DAM similar 14 Apply Prop 49 
and Its converse 16 OAB, &A'P are similar by const , 

AB BO f , r t II- AB BC 

similar figures • 


. and angles OBC, ffB'C' are equal Hence OBC, 

O^B'C' arc similar In the same way all the other tnangles can be- 
proved similar 

AOB _ AB^ OBC _ BC» _ ABP 
A’OB'~A'S^' OB’C'~B'C’-~A’B^* 

AOB OBC OCD ODA 
• A OB~'cyB'C'~ac'D’~'ODA'~A^^’ 

, Sum of numerators _ABP 
Sum of denominators”^'^ - 

j6 25 18 4 I 19 Areas are proportional to the squares of 

the radii of their circumcirclcs ; 3 4. 20 l 2 23 The side of the 

third triangle is 2 cm 26 Prop 49 28 Prop 4S 30 Besides 

proiing the sides proportional, show also that the angles of the tno 
polygons are equal 


,BOOK XI 

Proposition 52 4 The point must he on the nght bisector of 
the right-bisector and AB can intereect in one point onl} 

S3 1 PQR IS an equilateral tnangle, ^QFR= 6 o°, j^RPL=30\ 
4 60°, 30* 5 jB given pts , K given line Draw A' the locus of 

jJts equidistant from ^ and ^ , Prop 30 Find pt of intersection of 
and F When X and Y are parallel the solution is impossible.. 
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€ Sec Ex 3 7 The pt of intersection of the right bisewors of two 

odj sides 

54 4 and S P, Q given pts. and }'‘gi\en line Draw QL perp 
to y and produce it to O', cutting off LQ’=QL Let PQ^, produced 
if ncccssarj, meet I'^in 0 Then OP, OQ are required lines 

5$. 1 Let the circle whose centre is D cut the arcle whose centre 
IS A in CC. Tlicn CAC’ is required angle 2 Produce C.I to C\ 
5 Draw AC perp toy^C l>ing on same side as Z) Then BAC is 
required angle. S The dmding line makes the same angle with a 
side as the h} potenusc. 

56 1 -//>’ gi\en line, P giscn pt At A make angles equal to 
gi\cn •’nglc abosc and below AB. Through P draw parallels 2 
OA, OB lines and /’pt Construct a parallelogram of which P is the 
mid pt. of one diagonal The other diagonal is required line 
3 Draw the bescctors of the angles between the given lines; draw 
perps. to bisectors tlirough given pt \ oil get two triangles 4 Place 
the given line with its extremities on parallel lines B The nght- 
biscctor of the join of given pts. is one of the diagonals of the 
rhombus. 6 OA, OB intersecting lines; let thud line in question 
intersect them in A, B From AB or BA cut off a length equal to 
fourth line There are therefore two solutions. 

59 2 Draw parallels to opp sides through the angular pts 
3 Join mid pts. of sides 

62 2 First constnicl a triangle on base 7 cm whose sides are half 
the lengths of the diagonals Tlien complete the parallelogram 
3 Construct a triangle with the given lengths 

65 2 In the figure of the prop draw the nght*bisector of AfC 
meeting ADN This is one of the semi diagonals of the rhombus 

MISCELLANEOUS EXERCISES-V. 

4. Let APB be the arc and AB its chord With A and Ij. ^ 
centres and anj equal radii describe arcs intersecting in L and M. Let 
LAfcai the arc in P, then prove that arc AP=a.TC BP. Note that the 
construction is the same as for bisecting a line AB See Prop 52 and 
Cor 20 In the figure of Ex tg, from CA cut off CP'=tt Ihe 
pt C lies on the right bisector of BP' 24. ABC triangle in which 
r, C and are given Analysts — Produce AC, cutting off CP=a 

In tnangla APB two sides and an angle opp to one of them is 
given The triangle can be constructed Prop 6a Also notice that C 
lies on the nght>bisector of BP, There may be two solutions. 
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26 From CA cut off CF equal to CB C lies on the nght-hisec^or 
of BP* 30 ABCD square, from DB cut off DP=DA In the 
triangle APB the side BP and the angles are known 34 In the- 
figure of Ex 32, from AC produced cut off CM =CB The angle- 

DBD' IS a right angle. Hence two sides and one angle of the triangle 
ABN are given Prop 60 36 Tlie three angles are given, hence 

Prop 59 applies here 38 The bisector of the nght angle is a 
.iingntifll of the square 40 The bisector of an angle is the diagonal 
of the rhombus 41 Triangle ./4.5C, through^ draw parallel te 
BC and cut it off equal to the altitude AL. Join P to the base angle 
B which IS on the other side of AL If PB cut AC vci S, then 5 is an 
angular point of the square 42 Consider the whole figure as a 
triangle and a trapezium Then i(/-j)f+}(a+r)r=J/a 43 and 

44 The locus of the vertex is a straight line parallel to the base at the 
distance of the altitude from it 46 I 2" 48 ABCD quadrilateraL 

Bisect BD in M,, and draw MR parallel to AC meeting CD in R. 
Then AR wll bisect the quadrilateral Jom AM, CM, and prove that 
quadrilateral ABCM is half of quadrilateral ABCD, The student 
ought to supply the analysis for this construction 61 BC base of the 
triangle ABC Describe a semiarcle on AB and let the nght-bisector 
of AB meet the semicircle in Q Let the circle whose centre is A and 
radius AQ meet AB m P A parallel to BC drawn through P will 
bisect the triangle 62 base of Draw at nght angles 

to BA meeting BC produced in L, Bisect BC in D, and with DL as 
diameter descnbe a circle. Let BT be the tangent from B to this 
circle From BA cut off BP=BT Through P draw PN perp 
to BC Then PN will bisect the tnangle 63 Draw a line through 
the given pt and the pt of intersection of the diagonals 64. The- 
line through the centres of the two parallelograms 66 First 
construct a nght-angled tnangle having given side for hypotenuse 
and given perp for side 67 Analysis — Suppose ABC triangle 
Produce BA to D, making AD=AC Draw DE parallel to AC 
meeting BC in E Join DC BD is given, also angles of triangle 
BED DC IS bisector of angle at D 68 Analysts — Similar to last. 
69 Analysis — ABC tnangle, AD median Produce AD to E, taking 
D12-=DA Join Sides of triangle ate given 60 On a 
diagonal of the square as base describe an equilateral triangle. The 
bisector of the base angle of this tnangle lies in the direction of a side 
of the tnangle required 61 See Ex 30 62 Prop 60 63 The 

nght angle lies on a certain semicircle 64 Let ar=Iength of required 
line, then x=l{a+b) 66 (1 ) Join and prove 
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that IS the bisector of angle J 3 , hence the construction (11 ) and 
(ill ) Draw LD parallel to AB meeting BC in D. In triangle EDC, 
BDdbBC IS gi\cn and the angles are gi\en. Hence the triangle can 
be constructed in both cases Exs. 57 and 5S 66 Ihc bisector of any 
angle is the axis of the corresponding kite, hence there arc three 
solutions 67 Divide the polygon into triangles b> lines drawn 
from an angular pt. 68 Triangle ABC , draw a parallel to BC at a 
distance of half the altitude of the triangle. With centre B and radius 
BC dcscnlie an arc cutting the parallel in D Then BCD are angular 
points of rhombus 69 Reduce the quadnlateml to a triangle, Prop 
64 Now applj Lx 46 71 Intersection of medians 72 Bisect 

the sides of the square, and hence obtain the diagram given Apply 
Prop 50 73 The altitude of the equilateral triangle on a side of the 

given square is equal to a side of the required srjuare 74 Through 
the pt. of intersection of the given lines, draw a line equal to one line 
and parallel to another, then complete a parallelogram 76 ABC 
given triangle; bisect BC in /), with centre D and radius equal to 
i(AB+ CA) describe a circle cutting the parallel to BC, drawn through 
A, in /*. Then DB, DC arc sides of the parallelogram 

Proposition 66 6 Let TT cut OP in L, then TL, half the 
chord of contact, is the perp from the right angle on hyimtenusc, 
.• Or-==OL OPmiiTL-=:OL PL. 10 Apply Ex 2 11 Applj 

Ex 2 12. Apply Ex i 13 Apply Ex I 

67 2 The centre of each circle must he on the bisector of the angle 

between two tangents to the circle 4 As the circles approach one 
another, the common tangents become shorter and shorter (see Ex 5), 
while the angle between them becomes more and more acute, until at 
the pt of contact their vanish and their oVrcc/nwr become the 

same 6. Prom the right-angled tnanglc ABC in each case 6 In 
the first formula of Ex 5 put 

68 3 4J" 4 Jtj'j'’ 6 iJ" 6 Use the formulas of Ex. 2, or 

else the construction suggested by Ex 8 below 7 Follows from 
Ex 6 8 Prop 39 9 Prop 40 and Ex 8 11 Place the triangles 

base to base and they will form a cjclic quadnlateml Prop. 42 

69 2 Prop. 66, Exercises 6 Use Ex 4, putting d—na, 

7 Prop 36 8.12". 9 24" 10 1 4", I 2", 1.2*, 1.7*; 1,7*, 1.4", 

70 8 Apply Exs 5 and 4 9 We have 

LABI^ Jr LACr^- LBCT^ = LABC ; 
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72. 4 Let BC^ BC ht two corresponding sides and O centre. 
^BOC=/A, /_B’ 0 C'=ZA' G Analysts —Suppose the triangle 
descnbed as required Join the centre to the pts of contact of sides. 
Prove that the angles between the radii are the supplements of the 
angles of the triangle Hence the construction 

72 1 Describe a semicircle See why the given construction fails 
in this case B On two sides of the triangle, and lying inwards, 
describe segments capable of 120* Let O be their pt of intersection 
Find the angles subtended by the sides at O 7 The locus of the 
vertex is the segment of a circle capable of the given vertical angle 
The locus of the vertex is also a line parallel to the base at a distance 
equal to the gi\ en altitude The intersections of these two loci determine 
the positions of the \ ertex In general there are two solutions, but there 
may be only one, or none 8 The altitude can be found 12 Use 
intersection of two loci , notice that the locus of the other extremity of 
the median is a circle 14 Make an analysis similar to that given 
in the text, Ex 6 

74. 6, 6, and 7 Draw lines and divide the figures into a number of 
equal triangles 8 Prop 28 

75 10 First construct a rectangle equal to the parallelogram and 
standing on the same base as the parallelogram 12 First construe’ 
the equivalent rectangle. Prop 65 13 Construct an equivalent 

rectangle on 2 5" as base. IB OJT, OY given lines, and P given pt 
Draw PA parallel to OX meeting OY m A Divide OA into four 
equal parts , along A Y step off AR to contain three of these parts 
Produce RP to meet OX in Q Then RPQ is the requured line 16 
Asm Ex 13, draw A4 parallel to OX Divide ..40 into four equal parts , 
along A O step off..4i? to contain one of these parts 17 Join the mid 
pt of the base of the triangle to the mid pts. of the other sides 
You now have a parallelogram of the species required, but containing 
only half the area required Increase the sides of the parallelogram 
in the ratio of i ija, the ratio of a side of a square to its diagonal 
76 4. Find a mean proportional to and Vairr B Find a 
mean proportional to the lines constructed in Ex 3 

■77 6 In the fgure of Prop 77, AB and BL are given , hence 
triangle ABL is pven LP drawn at right angles to AL meets AB 
produced in P This gives BP Otherwise use the method of Ex. S, 
Prop 75 8 The ksser side of the nght-angled triangle is equal to a 

side of the square which is equivalent to the polygon 9 The altitude 
of the isosceles triangle is equal to a side of the square whidi< has the 
same area as the polygon 
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MISCELLANEOUS EXERCISES~VI. 

1 2" ass". 3 iVy" 4 Central distance of the point 
= oJz X radius. 5 The radii to the pts of contact contain the 
supplement of the gi\ en angle , a concentric circle 6 Central distance 
of the jxiint — x radiu'. 7 Direct tangents 4 cm each , oblique, 
zero Note that the obhcjui. tangent has dirfctton but no ma^n/itde 
8 Prop 44, Lxs 9 12 cm 10 I 6 cm 12 Mid pt of 

hypotenuse is centre 14 0 arcumcentre of ABC , / AOC^zB ; 
J^OAC=go* - B , similarly, /^OAB—tyi‘ - C. If AL be altitude, then 
/iLAC=^d‘-C, ^LAB=fyd‘-B Therefore OAB-LAB=^B-C. 
The other results gnen here are also useful ID The circumccntre is 
equidistant from luo sides 19 The tno loci on which the centre lies 
arc (1 } the bisectors of the angles between the given lines ; and (11 ) the 
nght'bisector of the join of the given pts 20 The loci on which 
the centre lies arc (1 ) the radius through the given pt on the 
circle, and {11 ) the right-biscctor of the join of the two given pts 
21 Tholocion which the vertex lies are (i)thcs(^mcntofacircle, and 
(11 ) the right-bisector of the base 23 The centre lies on (i ) the right- 
bisector of BC, and also on (11 ) a circle, centre A and radius 2 4 cm 
24 Tlic locus of the centre is (1 ) the bisectors of the internal and exter- 
nal angles at A, and (11 ) a pair of straight lines parallel \oBC, on cither 
side of BC, and at distances of i 2" from BC 25 Sides subtend equal 
angles at centre , two radii and a side form an isosceles triangle whose 
base angles arc given , each angle of figure is double of one of these 
base angles 27 Consider a five sided figure with sides a, h, e, d, e 
By 2C we have a=c=e—l/=d 28 Let J’Q, QR, RS be three con- 
secutive sides. A, B, C their pts of contact. Join OA, OB, OC, and 
prove that OQR is an isosceles triangle m which the height OB and 
vertical angle QOR arc constant 29 Consider the five sided figure 
JlBCDE described about the circle whose centre is 0 Let B and Q 
be the pts of contact of the sides BC, DE Angle OAB—/JOAE 
Tnangics OAE, OAB congruent Hence /_.OEA /OB A and OE= 
OB Also in rt -.angled triangles OQE, OPB, OB=OE, OP=:OQ, 
. j^OBP—j^OEQ Therefore whole angle ..4A<5=wholc angle 
ABP Similarly, other alternate angles can be proved equal 
Hence j^A=: ^C=/_E=/_B—/_D Therefore the figure is equi- 
angular in the case of a pentagon. Similarly, it is equiangular in the 
case of any other figure with an odd number of sides 34 Draw the 
circumcircle of ABC, bisect the arcs BC, CA, AB in D, E, F. Join 
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EFy FD, DE , then these lines \nll cut out a hexagon from the trnrgle. 

38 Draw the circumcirclc of the square and proceed as in Lx. 34- 

39 Proceed xs m Ens. 30 and 35 Dmde the semicircle into six equal 

paru bj trisecting nght angles. Let C be the pt of division nearest 
F Then EC is a side of the dodecagon 44 I.et IiA/g be the ex- 
centre tnangle Draw I, A, EB, IgC perps on the opposite sides. 
Tlien ABC is the required tnmglc. Prop 70, Ex 8 4B /«, / ire 

gi\en Dnw perps. from the angular pts on the opposite sides of the 
tnangle Iglgl The feet of these perps. are the angular pis of the 
required triangle Prop 70, £x 8. 46 Since A is bisected by AM, 

arc l/^=arc J/C /_BMC=l^' - A, /_MCB='^, /,MCI=‘ 

^ + ^=^CIM, MC=:M/ Similarly, .l/^=rl// 47 The circle 

ABC]sgi\m, and since the pt M is giien in position and 
MB 15 giien Since MJ=MB the locus of / is a circle whose centre 
js rlf and radius rl/ff 48 The /ICI, is a nght ancle. Mli=MI 
Hence the locus of Ig is the orcle whose centre is M and radius MB 
49 In the figure of Prop. 69 suppose a circle has been drawn which 
touches BA, BC, and the circle DEF Since this circle touches BA, 
BC, Its centre 0 must he on BI, the bisector of the angle between BA 
and BC Also, since this orde touches DEF, the pt. of contact must 
be the pt where DEF cuts OI Through P draw QPR perp to 
Bl Then the required orde is the incirdc of the tnangle QBR The 
construction follows from this analysis There arc scieral solutions, but 
what w c usually require is the arcle in the angular space betw een B and 
the incirde 61 Suppose the rhombus constructed as required, then 
show that two of the radii to the pts of contact of the inscnbed circle 
contain an angle equal to an angle of the rhombus 62 Use the 

X 2 

fonnuls for r and rj 63 .47’=r®+(r — o)®= 1- (r - a)®, and AT^= 

A® ^ 

Mulhply together and reduce. 64. OAB sector, centre 

O , suppose that a drde has been inscribed Draw a tangent at the 
pt. of contact of incude and arc of sector Show that the incirde is 
also the incirde of the tnangle formed by the tangent and two radu 
produced 66 See figure of Ex 46 The analysis of the problem is 
in this figure Draw a cirde with the given circumradius Cut off the 
s^ment BAC capable of the given vertical angle. Bisect the arc BC 
^ in ;)/ The locus of 7is the circle whose centre is 7/ and radius MB 
' Describe this locus The locus of / again is a parallel to BC drawn at 
the distance of the giien inradius Draw this paralld. Let the cirde 
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locus of I and the line locus intersect in /, I' Then I or 7' may be 
taken as the incentre Join il//and produce it to meet the curcumcircle 
m A Then ABC is the required triangle 66 See figure of Ex 46 
On the given base BC describe the segment BA C capable of the given 
vertical angle Bisect BC in M, produce MI to meet the segment 
BACm A Then ABC is the rcqmred triangle 67 The construc- 
tion follows from the figure of Ex 46, as in the last exercise 68 
Inscribe a circle in the given tnangle The pts of contact are the 
pts where the required circles touch each other 69 Draw the 
medians AD, BE, CF of the equilateral tnangle ABC meeting in G 
Inscnbe circles in the quadrilaterals GDBF, GDCE, GEAF. 60 

Inscnbe circles in the triangles GBC, GCA, GAB 61 r—~, ri= 

- — - 62 On the given base BC describe a segment capable of the 

given vertical angle. With centre B and radius equal to the given 
perpendicular descnbe a circle Draw a tangent to this circle from C 
and let it meet the segment in A Then ABC is the required tnangle. 
63 See figure of Ex 46 Here M is given ; join M to the given pt 
and produce the join to meet the circumcircle in A 64 A concentric 
circle whose radius = V2 x (radius of given circle) 66 Proceed as in 
the lastexerdse. We have a-—2lP and c^:=:2}^ Thus ns a fourth 
proportional to a, c, and R. The student will notice that the method 
IS general, and will apply equally well to other regular figures 68 
Produce a radius so that the part produced is equal to the radius This 
determines one centre For the others draw radii at intervals of 60®. 
69 Let R be the circumradius of the equilateral tnangle formed by 
joining the centres of the required circles, and r the radius of the given 
circle , then an analysis of the figure will show that R r=(a side of an 
equilateral tnangle) (difference between side and altitude) Hence R 
can be found 70 Since the sides arc tangents to a concentnc circle, 
they are chords equidistant from the centre and are therefore all equaL 
Agam, an equilateral msenbed polygon is equiangular also. 


BOOK III 

SBCTIOH X 

Proposition II 4. Note When is the area of a triangle positive, 
and when negative? Walk round the contour of a triangle m the 
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direction indicated by the letters at the angular points If the Inangle- 
IS to your left hand, its area is positive , if to your nght hand, the area. 
1!, negative Thus, if the area ABC is positive, the area A CB is negativ e. 
In this exercise let p be the perp from O on the line BC, then 
t^OBC-^r tJICA^ t!.OAB=^{BC-^ CA-\-AB)=o, by Cx I, or by 
considering the signs of the areas B Proceed as in last Ex , using 
Euler’s Theorem 6 Vyx\.OA=a,OB—b,OM=Wfl\rb),AM=\}fi~^t 
MB=i{b-a), AB=b-a 7 and 8 See solution of Ex 9 9 Draw 

PO perp on ABC, and take O as origin Let PO—p, OA—a, 
OB=b, OC=^e Then Ar- BC=iOA^+OP^BC=icP-^f){r-d), 

•2,{AP^ BC)=fS.{e-b) + -Sa-{c-b)=-Za\c-b)=-{c~b){a-f){b- 
a)=-BC CA AB 10 This is a particular case of the last -n hen P 
and 0 coincide Prove it independently, taking P as origin 

III 2 Let FG, DP meet in O Since DF is divided in medial 
section at A, by similar triangles DO is divided similarly at P 

DP P0!=AP PB Here BO is parallel to AD 4, B, 6, 7, and 
10 Let then P5=a-a: For medial section vvc have 

jc®=a(<r-a:) This relation is to be used in each case Thus in (B) we 
have \AB-\rPBf—{pa-xf—i,<^~iflX'>ri^~tfl\fl~x)^rX^ But a-x 

(AB+PB)'^=4a 8 In the As FAB, 

A PD a rotation through one right angle will bnng one of them into 

coincidence with the other, hence corresponding sides are perpendicular 

9 The tnangles CLP, LDF have one angle of the one equal to one 

angle of the other In order that thej may be similar we must hav e 

CL DL X X n , \ 

® ® ar=a(a-x-), which is the case 

IV 2 Join alternate angular pts. of regular decagon 6 ^BAC 
=36“, j^ABC=-T^-=^ rt ^ 7 (One angle of A^^C)- (angle of 

equilateral tnangle)=-^5 rt 9 On the given base describe a 
triangle similar to ABC 10 (u ) The angle subtended by CP at the 
circumference=36'’ , at the centre=72° 11 Triangle similar to APC 
12 On the given base BC describe a triangle ABC having each of the 
angles at the base doable of the vertical angle Draw the circum* 
circle of ABC Let the bisectors of ^s B, C meet the arcumcircle in 
D, E Then ADCBE is a regular pentagon 14. (i ) BC is a 
tangent and CA a chord through the pt of contact, ^ACB 
=Z.ADC (11 ) /_CAD=^CAB=/^PCA (m ) £CPD^^PAt^ 
~^ACP=^^PCD (iv ) Angle subtended by PD at C equals angle 
subtended by AC at P 15 Construct the figure of this prop 
Draw CL perp to PB and produce it to meet the circle DCB" 


ANSWERS Vfx 

!a Q Then CQ is a side of a regular pentagon inscribed in the circle. 
Also, * CP=CB, • PL=LB Prove that 

AB^+AE‘= 2 BN+ 2 AL^ . . . . (I) 

2AC^+2BC^=2AL-+2BN+4CN-2AE‘ + 2BN+ CQP ( 2 ) 
Substitute in {2) from (i), then 2AC-+2BC^=AB^+AP^+C(^, 
But AB= AC, 2nd BC=AP, * AB-+AP^=C(? , where AB, AP, 
and CQ are the sides of a regular hexagon, decagon, and pentagon 
inscribed in the circle 

Harmonic Section — 1, 2, 3, and 4 are all pro\ed by using the 
defining relation AXjRB^AYJBy and taking one of the pts as 
ongin 5 Bk I , Prop 49 

Proposition V 1 The required pt is determined by the inter- 
section of two Apollonian loci 2 Is a particular case of Lx i 

VI 2 to 6 In each case apply the cnterion Notice that the segments 
of the side BC made by the point of contact of the escribed circle are 
s-c and s -6 

VIII 1 The product of each set of alternate segments ^6 ic 

2 If AA' be a bisector, then A*BICA'=clb 3 If AA', BE be 
altitudes, then from similar triangles CA'fEC= 6 la, and two similar 
results 4 If A' be pt of contact, then A’B=s-l>, CA'=s-c 
B OA'lAA'=AOBCJAABC 6 CA'—s-b, A'B=:s-e, similarly 
for the other sides 7 The alternate segments are (^a, ^b, Jr) and 
(s^j V) 8 General case of Ex 7 9 Let A', E, C be the 

pts of contact with the sides BC, CA, AB , the segments of BC are 
as in Ex 6 The segments of AB wee C'A=s, BC'=s-c , similarly 
for 

IX 1 If A', E, C be the points of meeting, then the ratios 

A'B/CA', ECjAE, CAJCE= the ratios AB/CA, BClAB, CAfCB. 
Bk. I , Prop 49 2 Apply Bk. L, Prop 49 


SECTION II 

EXERCISES ON MAXIMA AND MINIMA 

1 Let the parts AB, BC, CD , remain fixed, while the last 
two, JJK, EL, \ar) Then ATZ.'-® can be made less by putting 

HK=KL, Prop VIII 2 As in the last, UK KL can be made 
greater by putting HK=KL 3 They he along the line of centres 
4 Draw APB making equal angles with OX, OY A circle can be 
described to touch OA, OB at A and B Draw another line A' PE 
terminated by OJr, OY Then A'P. PB'>AP PB 6 Prop VII 
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6 Join mid pts of sides and apply Prop VIII 7 and 8 See Prop. 
I 9 Use Prop I , noticing that area of quad =area of triangle, 
whose sides are diags of quad, and included angle equal to that 
between diags 10 Let M be mid pt of AB , then PA^-^PB^— 
2 AM^-¥iP&P Thus MP must be made a min Hence M and P 
are colhnear with centre 11 The centre of the square See Prop 
VIII 12 Tangents at the pts. where the line of centres cuts the 
inner 13 Equilateral triangle , keep one side fixed and let the other 
two vary 14. Makes equal angles with the gisen tangents For 
max area mid pt of minor arc , for min area mid pt of major arc. 
Use the general method as in Prop II 15 Same as last Both tan- 
gents are minimx 16 Follows from 14. Note that 2xarea=peri- 
melerx radius 18 It is parallel to line of centres See the con- 
struction for drawing a direct common tangent 19 ABC, A'BC, two 
isosceles triangles, such that A A' is indefinitely small For maximum 
vertical angle / BA C— / BA'C . B, A, A', C are concyclic. The 
tangent A A' is parallel to BC 20 PQlABs^CPICB , PRlCA = 

^ 

Now the angle of the parallelogram is constant , hence the area vanes as 
PQ QR , area is a mas when CP BP is a max , » e when P is 
the mid pt of BC 


SECXION m 

Proposition I 1 (7^-1- 6^C>£Cand two other equations 3 Join 
Cil/and prove jSCdfy a parallelogram , hence CMAF a parallelogram , 
also BEMD a parallelogram 4 In the figure of Ex 3 prove E the 
centroid of MAD Then MAD being given, E can be found, and hence 
A CB can be constructed Notice that the medians of the triangle MAD 
are each thru-fourths of the corresponding sides of ABC 7 

= and two similar eiqiressions for the medians Also 

A(P‘=%m^ 8 If (7 be anywhere on the arcumference AG^+BG' 

Now AF is constant, hence we have to make GF a 
nun This will be the case when FG passes through the centre 
9 Let G be the required point, and suppose that CG is kept constant 
Then the locus of (7 is a circle Bj the last Ex AG^'^BG^ is a 
mm when G lies on CF Similarly, G lies on each of the other 
medians Hence G is the centroid of ABC 11 The altgude is 
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given ; the locus is a sL line parallel to the base at ? distance of one- 
ih rd of the altitude from the base. 12 BC given base. Cut oflT 
Dtf-iDB and DC=^^DC. Join BG, C‘G, Then h'G, C’G are 
parallel to BA, CA Therefore triangle GC’ is equiangular vntb 
ABC Locus of t? 15 a s^ment on B'C' similar to the segment on B', 
13 Draw BE", GR perps to the locus of the vertex. Then DK 
is fixed, and from similar triangles GR . DK—-Z . 3 Therefore locus 
of t? IS a St. 1. le p railcl to the locus of the vertex at two-thirds of 
the distance of D from it 

II 1. The triangle A EC’ is of twice the linear dimensions of ABC. 
The nght-bisectors of the sides of A’B C meet in its orcumcentre, bat 
these hnes are also the perpendiculars of ABC PA and OD are 
corresqionding hns in the two triangles, hence PA=^zOD 2. Turn 
the triangle PBC round BC until it (alls on the opposite side of BC 
You have now a cychc quadrilateral ABPC 4. / PIAr= / PCM 
=<yf — A S.riilariv, /PLN=oE‘ - A. Hence MLE^iSd’ — zA. 
S bee Ex. 4. 6 Keeping JifN" constant ilL^NL is a min. when 
ML and EL mahe equal angles with BC. Sec II., Prop XL 7. LP 
bisects the angle MLN. 8 BL perp to PL is the bisector of 
the supplement of MLE. 9 OB is constant. 10 The perp and 
•circnmradius are equallj inclined to sides. 

III 1 and 2 Thqr have the same orthocentnc triangle 3 Each 
=arcnmradiu3 4- EP, py each parallel to BCi pp, Ey each 
larallel to APi also AP perp to BC This theorem and the next are 
important, as ih^’ praie the existence of the nine-point circle. 6 and 7 
GP=zOG, and ft is the mid. pt. of OP 9 Here 0, A, P are given 
in position, and also R O and P are given, ft is known ; and since 
iR 13 given, the nme-pt, circle is given. Produce AP to meet the 
X P circle m Z. V/lth O as centre and rad. AP describe a circle. 
Through L draw a tangent to this circle and let the tangent intersect 
the given drcumarcle in B, C Then ABC is the required triangle 
See figure of Ex. 2. 10, We have proved before that I is the ortho- 
■centre of Ii/zls, hence ABC is the N.P. drde of fiTz^s, .’ it bisects 
the sides of this triangle and also Z/*, II 3 . 

IV. 1. Theaxisofreflexionisanaxisofsymmetrjofthewholefignrc 
Hence bv folding, each pt of the original figure will fall on the corre- 
sponding pt of the hnage 3 In the figure of this proposition suppose 
the arc BPCis turned round the base BC tmUl it falls on the other side 
■of BC Then P will fall on P. Hence the locus of Z* is the image of 
the arc BP C in the line BC. Notice that when .SCand ^A are gi\ en, 
the cwcmncurcle and consequently the arc BPC are fixed. Therefore 

T 
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the required locus is found bj mn.'k.mg tm equal circle pass tbrougb 
B,C 4. Follows from Ex 3 6 B> Ex 4 the orthocentre of LPAB 

lies on circle jB/’Cnnd also on circle APC lienee P is orthocentre of 
APB, in the same way P is orlhoccntrc of BPC and of CPA There- 
fore Pmust be the orthocentre of ABC See Prop III , Ex 1 

VI 1 The segments of the base are -r—, •rr~ 2 The segments 

M ha O'irC O'^C 

of the base arc ^ ^ 3 In the second figure, if the bisector of the 

internal angle meet the arc in To, then TTo is a diameter 4. As 
TjyC, TAC are similar G As TJTC, JAC arc similar. 6 As 
ABN, A TC arc similar 7 As ABN, A TC arc similar 

VII 3 and 4 have been proved before 6 ^BNQ^z/BCQ, 
QN=CN 6 In the first figure BQ is given, DT is given 

The locus IS a circle whose centre is the mid pt of base and radius 
half the difference of the sides 7 From the second figure, the locus 
IS a circle whose centre is the mid pt of the base, and radius half the 
sum of the sides 8 AL is the altitude 

VIII 1 Follows from the proposition by changing the sign of m 

2 Put»i=!i=« 3 Here 45Q=3C() lienee ^^=4(135/7)* 

IX 1 ACC triangle and N pt on circumcirclc Appl> this 
theorem to the quadniateral ABCD 2 ABC and CQD are similar 

3 AT(n~^AC in this ease 4 From .4, C draw porps on 

The sum of these perps si\AC Also arca=i5i3xsiim of perps 
6 Let fi and be perps from B, D on AC Then pi'p«^BRIDR 

Again, AB BC=:p^ x diam , and AD CD=p^ x diam. 


SECTION nr 

Proposition I 6 <^2 inches 

II 7 Find O the radical centre , draw a tangent from 0 to one of 
the circles , with 0 as centre and the tangent as radius desenbe the 
orthogonal circle. 8 Besides the angular pts A, B, C these circles 
intersect in L, M, N, the feet of the altitudes Hence AL, BM, CM 
ate the radical axes 9 Altitudes are the radical axes. 10 Let the 
radical axis cat a common tangent TT' in P Then since P is on the 
rad axis, PT~PT* 

III 4. See Ex 9 12 Let /, q be the lines intersecting in T, and 

P, Q their poles The polar of P passes through T, the polar of 
7’ passes through P Similarly, the polar of 7* passes through Q 
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SECTION V 

Proposition 11. 2 Suppose the square described as required, 
'describe another square on a side of the hexagon internally Then tiie 
homothetic centre is the intersection of ti\o sides of the hexagon 
3 Bisect a side of the triangle in O , on cither side of 0 cut off from 
the side two equal convenient lengths OA, OB On AB describe a 
regular octagon Then 0 is the homothetic centre of this octagon and 
the required octagon 4 Let O be the mid pt of base On the 
base describe a regular he\Tgon Then 0 is the homothetic centre of 
this hexagon md the required hexagon 6 On the other diagonal 
desenbe a regular pentagon Then the homothetic centre of this 
pentagon and the required pentagon is an angular pt of the square. 
8 ABC triangle, AL altitude On AL describe a square lying tow ards 
C Then B is the homothetic centre of this square and the required 
square 9 ABC triangle, and BQR the triangle to which required 
triangle is similar Draw any line XY parallel to the gi\en line, and 
meeting jffC in JIT, Y On the side of A'Fremotc from j? desenbe 
a tnangle XYZ equiangular to BQR Let BZ produced meet CA m 
M Draw ML, MN parallel io ZY, ZX Then LMX is the required 
triangle Notice that B is the homothetic centre of XYZ, LMN, 
10 Is a particular case of Ex 9 11 Particular case of Ex. 9 
12 BC longest side of ABC On the side of BC remote from A 
desenbe a rhombus having an angle of 1 20* Then A is the homothetic 
centre of this rhombus and the required rhombus 

IV 3 Place p on P, and make ah parallel to AB 4 Let F, p be 
their centres , place an indefinitely small chord AB in circle P so that 
AAPB and sector APB may be ultimately equal In circle p make 
/ath = /APB Then As APB, aph are similar Again, make /s 
BPC, bpe indefinitely small and equal , then As BPC, bpe are similar, 
und so on, until the two arclcs are divided into the same number of very 
-small similar triangles Thus by the converse of Prop III the two 
circles are similar 6. The corresponding sides of the small similar 
Inangles, into which the two circles can be decomposed, are in the 
iatio of their radii ; hence by Ex 5 the circumferences are in the ratio 
of the radii 7 Apply Prop IV after decomposing the circles into 
-small tnangles 

VI. 6 The circumcentre 0 is a fixed pt, and we have proved 
before that the locus of the orthocentre is a circle Now OGlOP 
-JiZi . locus of <7 IS a circle. Ex. 4. Again O/iJOP —^ , . locus 

<of /I is a circle. 
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MISCELLANEOUS EXAMPLES-VII. 

1. Let tangent at C cut PQ in T, PCQ w nplit mgl«1 triangle. 

3 each trnnnlc-=4rf. 3 In any triangle ^cssA’./, 

where /, is the all of A Jinn the jn to angular pis. of quad. 
4. Proae CPQ, bPD t<imaiigular , notice that arc JiDs^ojc RC, 

6 Let HP, QR intersect in O, OQ=Ob^OR, . Z(?A'A’ k a 
rt Z Also IiP- = AIi hC, -nd QlP^Al} J,C Prove QPRP a. 
rectangle, OR=iQR=it!P C I.«l .//’ lie the fixed circle l.et 
the common chord intersect AI> in O Then O t = OJi, *. O is 
a fixed pt Let M be mid pt of PQ, then M is the pt where the 
common chord intersects PQ 0^f is aUvajs parallel to AP, and is 
drawn through the fixed pt O locus of M is a st line through 0 

7 Expressions are given in the text for the leng'hs of these tangents 

8 VtQ\a /J}CL=^RAC , is a tangent to the circumcirclc of 

AEC 0 The anglis in each ease arc !(■/’ + C)i iiChA), i(A-i-/}) 
10 Let 2 a, 2 b he the sides of the given rectangle Then radius of 

eh 

one of the inscribed circles = , Stdes of inner reel* 

<n e+ s'a +/' 

angle arc found b) subtracting twice this radius from each side of given 
rectangle. 11. (.«4C+C/fr=.JC- + CA»+2 fC. CA’ 13 Draw the 
medians, notice that zDG—x IG lienee 2P/J‘+P.PstsDG“i' 
AG~+^PG^ The locuv is a circle, centre G 13 The centre of 
similitude of the fixed circles 14 Tiic circle whose diameter is AR 
16 Take D as origin, and lu DCrxc, DR=h , DL=l, where I, is 
the foot of perp from A on RC , AL~p Siibstiliitc these on both 
sides, noticing that + WC®=/®+(c-/)* 

16 Let D, E remain fixed while P moves to a verj near pi F* 
Then for minimum area bDLI^SDEF" , PF' is parallel to 
DE, t e RC IS parallel to DE 17 / RCD= / .0.1427 ^supplement 
of DFE 18 With the usual notation R and p. and JA* are given 
Since the N P arcle is given, and line in which RC lies, therefore L 
and D are given With R as centre and rad describe a circle, 
cutting the perp through D m C The circumcentrc is known 
With O ns centre and radius = A’ describe a circle, cutting the base line 
in B, C and the altitude through Lva.A 19 Bj the general method 
for finding maxima and minima values, PQ must be along the line of 
centres in both cases 20 Let ABC be the A whose angles are given 
Suppose A is fixed, and B moves on the line BE "DtayfAL i RE 
On AL describe nBALP equiangular to AARC. Then is fixed, 
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^ is a fixed pt Join CP Now AI.jAP=ABfAC, ALfAB^^ 
AP/AC, and ^LAB—j<PAC, As LAB, PAC are equiangular. 
Hence /_APC is a right angle But AP is fixed , PC is fixed 

21 Particular case of last Ex 22 Let P be reqd pt. and Q a 
pt very near it on the line Then for a maximum we must have 
/ APB = / AO B A, B, P, Q are concjclic And • PQ is 

indefinitely small, • PQ is a tangent to the circle APQB Hence 
describe a circle to pass through A, B and to touch Z in the pt P 
{Section IV , Prop V] There are two solutions, hence two pts can 
be found at whii.h /APB is a max mum 23 Produce to meet 
L \a. P , then is a position of zero minimum value 24 Follows 
from Ex 2Z 25 A> in Ex 22 draw a circle to pass through A and B 
and to touch CmP [Section JV , Prop IVJ Then P is the required 
pt 26 As APB, APC czn be so placed as to form a cyclic quadri- 
lateral 27 We hare to prove that a centre of similitude lies on the 
bisector of the angle between the tangents at the pt of intersection 
Now the angle between tangents is the angle between the radii to the 
pt of intersection And the bisector of the extenor angle between 
the radii divides the line of centres in the ratio of the radu 28 See 
Section I , Prop VI 29 The segments within the tnangle are each 
capable of an angle of 120° 30 Let A be the given pt and Z and 
M the given straight lines which are the loci of the angular pts 
B, C Since ^ is a fixed pt and B moves on Z, the locus of C is a fixed 
line (Ex 20), let this locus cut the hne AZ in C Then side AC is 
known 3 Apply Section I , Prop VI 32 Place anywhere in the 
drcle a chord of the given length D^cnbe a concentnc circle touch- 
ing this chord Through the given pt draw a tangent to this circle, 
terminated both ways by the outer arcle 33 Construction similar to 
that of Ex. 32 34 Notice that I is the orthocentre of the tnangle 

IiTzh Prove that / BIC=eKS‘+—. .. base and vertical angle of 

tnangle BIC are given The locus of Z is a circle Since BICI^ is 

A 

cychc, locus of is the same circle Also prove that /BInC~— 

—^BI^C Hence the locus of and is the same circle 35 The 
result follows from similar tnangles The formula is useful foe 
calculating the perp when the sides are given 36 TP, TQ 
tw'o tangents , OL, OM, ON perp to PQ, PT, QT. The quads. 
OLQN, OLPM are cyclic Hence show that tnangles OLM, OZJt 
are equiangular 37 We have to prove that BPQ=AQS, i.e, 
PQC=:AQR, le APC=APJl 38 The incentre of the pedal 
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aiangle is the orlhoccnlre of the original 39 Let the tangent at P 
meet the guen line in 0 Pro\e APB a nght angle The locus is a 
circle on AB as diameter 40 Drais the two direct and one transverse 
common tangent of the circles 41 Draw two transverse tangents and 
one direct common tangent 42 The pt / is the orthocentre of the 
triangle and A, B, C are the feet of the altitudes of 

43 Suppose the square inscribed as required, draw another square 
on the diameter, and notice that the centre of the semicircle is the 
homothetic centre of these two squares 44. Draw perps from 
the centre on the sides , each of these perps. la equal to the radius 
45 and 46 ABODE hexi^on, and P pi on circumference Let the 
perps from P on AB, BC, etc., be /„ /_ . /j, and let PA, 

PB, PC be a, b, e, d, e,f Then if D be the diameter of the circle, we 
have DPx=ab, Dpi=be, Dp^=cd, Dpi=tL, Dpy=ff, Dp^=fa From 
these equations we get \gain, if the alternate sdes 
be made indefimtely small, they shall become the tangents at the angular 
pts. of an inscribed circle, and the theorem will still hold good. 47 
As AC Ay, BCB^ are congnienb Similarly other pairs. 48 Let BD 
=x , then BDs=x CD, where ixsside of triangle, bj 

Section III , Prop VIII , we have 

(<r-a:)a^+af«*=(«-jr);ir*+a:(a-j:)®+a AD^ 
AD'^=a,v+(a~x)- Now (a—x)’’^ is positive, AD^>ax>- 
AB BD 49 Let ABC be the required A, whose sides CA, CB 
pass through the fixed pts P, Q, and whose centre is O O is 
the centre, Z.^CO=/_QCO=/J'AO=:^QBO=yf The locus of 
C IS two segments on OP, OQ capable of 30 * Hence C is determineo 
The locus ot A is a similar segment on OP Let CP produced cut 
this s^ment in A Thus 4 is determined Similarlj, B can bt 
determined 60 Proceed as in the proof of Bk. I , Prop. 27 . 


the end 




